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Certain Subclasses Of Meromorphically Multivalent
Functions Involving New Linear Operator
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Abstract

The main object of this article is to study the subclasses of
multivalent meromorphic functions by using a linear operator in
punctured unit disk. Some geometric properties like coefficients bound,
distortion theorems and convolutions property
are investigated.
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1. Introduction :
Let >, denots the clas of functions of the form :

f(z)=2"+> a,z“" (peN) ... 1-1
k=1
which are analytic and p-valent in the punctured unitdisk U_={z:0<
lz| < 1}.
We denote by >’ S;(a)and > C,(a) the subclass of
meromorphic p-valent starlike and convex functions,respectively,that is,

Y5 (a)—{f(z)ez Re(zlf((zz))j<—a(03a< p) }
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Zcp(a)={f(2)eZ:1+(ZI:,((ZZ))]-<—05(OSQ <p) ) en1-3

For a function f(z) e ) ,we define the following operator which
p

studied by EI- Ashwah[7].

I(A,0f(2)=2" +Z(#)makz"‘p,(/‘t>0;€>0);me Nyizel) 44
k=1

We note that:
- 1@, 0) f(z) =1(m,?)f(z), studied by Cho. et. al. [6].

2 | g](l, 0)f(z) =Dy f(2) , studied by Aouf and Hossen[4],Liu
and Owa[8] and Sirvistava and Patel[12].

3- | L”(l,f) f(z) =1"1(2), studied by Uralgaddi and Somanatha
[14].

4- 17" (4,0) T (z) = D] f(z) , studied by Al-Oboudi and Al-
Zkeri[1].

Definition 1.1.A function fis in the Class M/, (a, B,4,7) ifit
satisfies the following condition:

| 27 (17 (2, ) T (2)) + p |
2y -1)z2°* (17 (4, 0) T (2)) + (2ye - P))|

<B,zeu

Where (0<a <p);A>=0;/>=0;me N,;Z eU;%SySlandOgBSl,

. There are many special cases of this class were studied by several
authors (for example see Cho et.al.[5] and Aouf [2]). Also,several results
were obtained and studied for subclasses of multivalent meromorphic
functions by many authors (see e.g.[9],[10],[3]and [13]). In the present
paper we have obtained coefficient bounds , distortion bounds and some
properties of convolutions of functions in this class .

2. Coefficient Bounds :
In this section,necessary and sufficient condition for a function

f(z) belongs to the class M 1rf1p (cc,B,A,7) are obtained.
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Theorem 2.1. A function f(z) of the form (1.1) is in the class
M (a,B,2,7) ifandonlyif:

€+Ak

. (kK=p) )" (L+28y - B)

<1
ZﬂV(p—a) ............

Proof : Suppose (2.1) hold true. Then we obtain :

x
™
|
H
+
N
|
H

|27 (17 (2, 0 T (2)) + p|- B2y ~Dz°* (17 (4, ) T (2)) + (2ye - p)| < 0.

There for :

{+ Ak

- B2y(p-a)- Z(k— PX(

)"a,z” |<0.

> (k- p)( a2

For |z| = r < 1 the left hand side of last inequality is bounded above by :

Z(k— )(“*k)akz B2y(p-a)- Z(k— )(“*k) 2°

*Z(k_ )(£+lk

)" L+aBy — B)a, —2By(p-k) <0.

Then :
f(2) eM5(a, B, 4,7).

For converse,

Let f(2)e Mll\,/IP (a0, B, 4, 7)- be given by (1.1).Then :

2”1y (A0 (@) +p
2y =1zP7 (17 (4, 0) T (2)) + (2ye — p)

> (k=) ez
(27 ~1)(p- i(k—p)(““‘) a,2" — (27a - p)
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Since |Re(z)| _ |z| for all z.Then we get :

Z(k— )(“lk) a,2"
_Re < f

(2}/(p a) 2(2)/ l)(p k)(£+lk) Zk ......

Choose values of z on the real axis so that (z" (I (4,€) f(2))’

is real Then, Upon clearing the denominator in(2.2) and letting :
Z — 1—through real values , we obtain

> (kP

This gives required condition.

?+ Ak

YA+2By - B)a,2By(p-a).

Corollary 2.2: Let f(z) of the form (1.1) is in the class
M (a, B, A7)

Then :
2By(p—o)
a, < (k=1 ... 2-3
(k- )(“lk) L+ 28y - p)
- 2By(p-a) k=
f(2)=2"+ 2P (k=1
(k- )(Mk) 1+267p) 24

The result is sharp of the function :

3. Distortion Theorem :
Theorem 3.1.1f a function f(z)defined by (1.1) is in the class

M/, (@, B,4,7)), then :
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- 2By (p—-a) 1-P m
TP°- T 4%%@”4
(k=) 28y - )
<T P4 giﬁ/’ﬁ((p_a) TP -
(k—=p)( )"(1+28y - B)

For sharpness, take the functions f(z) defined by :

f(z)=2"+ 2py(p—a) .

(k=)@ 28y - p) 82

Proof : By Theorem 2.1,we obtain :

(- p)L+ 2By ﬁnzkn<<k—pr+*k

)" (A+28y - B)a,

<28y (p—-a),

therefore,

S 2By (p—-a)

> a, <

S k- a2 - p)

Thus, for0<|z|=r<1,

) <T P+ S (AT Kymg s
0] sT S
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<T“°+T1'°(£+}L Z

b guz(p—a) i
(1- p)( +) (1+ 2By — B)
And :
172, 0 T (2)] 2T - i LrAtKymg peo
ZT-p—TPwﬁiiWEZM.
14 ko1
>T P _ EZﬂZ(p_a) -I-l—p.
L-pN—X)"@+28 - B)

This gives the required result.

Corollary 3.2. If a function f(z)defined by (1.1) is in the class
M (a, B, A,7)

Then :
- 2By (p—a) 1-
(T P - TYP)<|f(2)]
a- )T 2pr - p)
AU zzfi(p_a) ™) 3-3
(1-p) )" L+ 28y - B) |
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4. Hadamard Product
Letg(z) e > p defined by:

e S

Then the hadamard product (convolution) of the functions f(z) and g(z)
denoted by f *g and defined:

(19@=2"+3ab2 " (peN)

Theorem 4.1. Let the functions f, g defined by (1.1) and (4.1)
respectively, be in the class M,", (e, B, 4,7).

Then (f *g) e M (at, B, 1, 7) , where :

o=p- 2y (p—a)”
0+ A '
(- pX ; ) 1+ 28y - B)
> (TP + K%Z(p_“) T1-7)
(1-p) )"+ 28y - B)

14

Proof : By using the technique used earlier by Schild and
Silverman[11], in order to prove this theorem ,we need to find the largest

O such that :

?+ Ak

(k=p)(—, )"+ 2By - )
Z 28y (p—o) a, <1l 4-3.

)
k=1

Since f,geM/ (a,B,4,7) ,we see that :
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L (k- p)(“fk)m(u 28y - B)
> a, <1.
k=1 2Py (p—a)
And ,
k- p) Tt 28 - By

> £ b, <1.

k=1 2By (p—-a)

Therefore, by the Cauchy Schwarz inequality, we get :

¢+ Ak
(k= p)( )" L+ 2By - B)
> 4 Jab, <1.

k=1 2By (p—-o0)

Thus, we need only to show that :

ab, - Ja.b, (k1)

p—o - P—a Or
ab <P"7 (k>1).
P—c

Now, by Theorem 1,its sufficient to show that :

i v S
(k= p)( ; a+28y -5
It follows from (4-4) that :

2
(k= p) ; J(1+2By - B)

Hence, define ¥ (K) by :
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(k)= p- 2Prip-a) (k > 1),

(kK=p)— )0+ 28y = F)

Its clear that ¥ (K) is an increasing function of k.Thus,we obtain :

o<y(l)=p-
(1- p)(“fk)(u 287~ B)

This completes the proof.

Theorem 4.2:  Let the functions f, g defined by (1.1) and (4.1)
respectively, be in the class M, (&, B,4,7) with ‘bk‘ <1,k=1,2,3,

..peNThen: f,geM/ (a,B,4,7).
Proof. Since :

L (k- p)(“fk)wuzm _B)

k=1 2By (p—a)

|akbk|
L (k- p)(“fk)wuzﬁy _B)
k=1 2By (p—-a)

k- p) ARy (wy 28 - p)

- /
< a, <1.
kz_l 2By (p—a) ‘

a byl

therefore by Theorem 2.1 ,we have the result and the proof is complete.

Theorem 2.4: Let the functions f, g defined by (1.1) and (4.1)
respectively, be inthe class M, (a, B,4,7) and :
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/+ A

; )"A+2By - B)-4By(p-a) =0,

(1-pX

Then the function h(z) defined by :
h(z) =27 +> (ag +b;)z"“".
k=1

belongs to the class M,;?p(a,ﬁ,/lw) :

Proof. In virtue of Theorem 2.1 and since f(z) e M/ (a, B,4,7) we
get :

L k- p) (a2 - p)
> £ a, <1.
k=1 2By (p—-a)
So:

k
, (k—p)(“f " (L+ 28y — B)

a’? <1.

kzzl[ 2By (p-a) I a

Also,since 9(2) e M} (a, B, A,7), we get :

L e are g

> <1.
2! 2y (p-a) 1o
Therefore,

[10]
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Lo k= @287 - p)
= (a2 +b?) <1.
2 Z,BV(D_OC)

Then, we must show that :

(k- )(“”“S L+ 2By - B)

;[ Zﬁy(p—a) 1°(a +b2) <1.

Thus it will be satisfies if,

(k- p) " K w2 - p)
2By (p—-a)

. k- p) (A @y 2 - p)
lz[ £ 1%.
2 ‘o ZﬂV(p_a)

Or:
14 ﬂ,k
(k= P25 W+ 28y — B) - 4By(p—a) > 0.

Fork =1, 2, 3, ... the left hand side of the last inequality is
increasing function of k, and its satisfied for all k if :

/+ A

(1- )( )"(A+2By - B)-4Py(p—-a)=0.

and this completes the proof of theorem.
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