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The purpose of this research is to estimate the cumulative distribution function CDF
using the local polynomial regression LPR and compare it to parameter estimation using the
method of moments and the maximum likelihood method to calculate both the mean square
error and the bias using the ranked sets sample RSS and the median ranked sets
sample MRSS. As well as RSS frequently produces more exact estimates than simple
random sampling SRS for the same sample size. By ranking samples based on some easily
measurable characteristic, the variability within each set is decreased, resulting in more
accurate estimations. We investigated three different degrees of local polynomial
regression: the first, second, and third. The simulation analysis demonstrated that the second
degree outperforms the other degrees. Also, when LPR is used to analyze RSS data, it takes
advantage of the reduced variability within each ranked set, resulting in more precise and
reliable regression function estimates. Following that, we investigated several degrees of
bandwidth (0.1, 0.2, ... and 0.9) and discovered that the bandwidth of degree 0.8 is superior
to the other degrees based on a simulation study. Finally, we analyzed the relative efficiency
of each of the three approaches:LPR, MOM, and MLE, and we discovered that LPR is more
efficient than the other methods for estimating the CDF in different kernels (normal
(gaussian), epanechinkov). The numerical results provide that the suggested estimator CDF
based on LPR is more efficient than other methods, as predicted by the simulation analysis.

DOl https://doi.org/10.33899/igjoss.2025 , ©Authors, 2025, College of Computer Science and Mathematics University of Mosul.

This is an open access article under the CC BY 4.0 license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Cumulative Distribution Function CDF is a strong tool for understanding and evaluating random variables, as well as forecasting
future occurrences; it is a foundational idea in probability theory and statistics. Also, establish that the occurrence is likely to
take place until a specific point. When we utilize it, we encounter several obstacles. One of the challenges is studying
nonparametric analysis in-depth and identifying several population features, such as odds, survival analysis, hazards, etc.
Estimating the CDF using ranked sets sample RSS is more efficient than basic random sample SRS because RSS frequently
yields more precise estimates with the same sample size, as well studying variables and measuring them is not easy; sometimes
it is too expensive or time-consuming, but ranking the variables is easy or has a negligible cost. The first to introduce the rank-
set sample was Mclintyre (1952) for estimating the paster of yields in Australia and expressed expectations about how to develop
the estimator that would be more effective for the paster of yields. Halls and Dell (1966) conducted a field trial evaluating its
applicability to the estimation of forage yields in a pine-hardwood forest, the terminology ranked set sampling was, coined by
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Halls and Dell. Takahasi and Wakimoto (1968) proved the first theoretical result is that, when ranking is perfect, the ranked set
sample mean is an unbiased estimator of the population mean, and the variance of the ranked set sample mean is always smaller
than the variance of the mean of a simple random sample of the same size. Research has continued in ranked sets since (1997).
Muttlak (1997) suggested studying median ranked sets sampling to estimate the population mean instead of ranked sets sampling,
and it is a strategy to minimize the error in ranking. Gulati (2004) studied the empirical distribution function of Stokes and Sagar
with smooth estimators and properties using simulation to compare the smooth and empirical estimators. Frey (2012) derived
the constraint to estimate the cumulative distribution function with the mean of the population to create a Woodruff-type
confidence interval for the population quantile. Al-Saleh and Ahmad (2019) suggested a new technique of ranked sets sampling,
which was called Moving extreme ranked sets sampling, to estimate the cumulative distribution function and then compared the
proposed estimator with the corresponding estimator based on both. Zamanzade (2020) established two estimators in moving
extreme ranked sets sampling with simulation and also showed that the proposed estimators provide a substantial improvement
over their competitors and prove that the estimators are utilized to estimate the stress-strength probability. Abdallah and Al-
Omari (2022) considered the problem of estimating the cumulative distribution function and the odds measure under moving
extreme ranked set sampling.

The paper is structured as follows: Section 2 describes ranked sets sampling and median ranked sets sampling. Section 3
describes local polynomial regression. Section 4 Estimation of cumulative distribution function using the Maximum Likelihood
Method, Method of Moments, and local polynomial regression. Section 5 Simulation study and conclusions.

2. Description RSS & MRSS
2-1. Methodology of Ranked Sets Sample (RSS)

Mclntyre (1952) was the first one who suggested the ranked sets sampling as a strategy to estimate the paster of yields. In the
RSS technique, taking samples is much cheaper than measurement of the variable. We will describe how to select ranked sets
sampling in the following steps:

1. Draw randomly m? sample units from the population of interest. Divided the m? units into m groups each one of the
groups has a size of m.

2. Based on the judgment rank the unit sets without actual measurement by eyes or by a bit price method for the variable of
interest.

3. From the first set, select the smallest order observation, discard the other units, and then from the second set, select the
second smallest order observation, and discard the other units. The process continues until get the mt® maximum order
observation.

4.From steps 1-3 we can get the ranked sets sample RSS of one group

5.To obtain RSS with size k, we can repeat steps (1-3) r times, where k = mr.

Let {Y(i;l-)j,i =12,...,mandj = 1,2,..,r} be the RSS element set, Y(;,;y; be the judgment order statistics of the it" sample of
size m, and the j* cycle of the r repeated. You should notice that we utilize square brackets [.], when the ranked sets sample is
imperfect ranking it means there is an error in ranking, if there is no error in ranking it means that the ranked sets sample is
perfect ranking we use the round brackets (.), it’s very important to note that for each i {Y(i;i)l' Yiiyzr Y(i;i)r} are independent

and identically distributed (iid). And for each j {Y(m)j, Y2,2))0 ...,Y(m;m)j} are just independent.
2-2. Methodology of Median Ranked Sets Sample (MRSS)

Muttlak (1997) suggested a new strategy of ranked sets sampling, which is called median ranked sets sampling MRSS, to
minimize errors in the process of ranking units within groups and to increase the efficiency of the estimator in the presence of
errors in ranking, also to increase the efficiency over RSS with perfect ranking. The following summarizes the MRSS procedure
for drawing a sample of size k. We will describe how to select median ranked sets sampling MRSS in the following steps:

1) Drow randomly m?2 sample units from the population of interest.

2) Divided the m? units into m groups each one of the groups has a size of m.

3) If the sample size of m group is odd, the odd will be measured by rule mTH it is equal to the units in the medial of the groups,

if the sample size of the m group is even, the even will be measured the first half group units with rule % and the second half

. +2
with rule mT

4) Steps 1-3 can be replayed r times, if necessary to get MRSS of size k = mr.
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If the m groups are odd, the median ranked sets sample odd, symbolized MRSS,,, where the units of the MRSS, for variable Y,
is described as follows:

{Yi(m_ﬂ)j,i =12,...,mj= 1,2,..,r} Be the judgment order statistics of the it" sample of size m and the j®*cycle of the r
2

repeated.
If the m groups are even, the median ranked sets sample even, symbolized MRSS,, Also {%} is the units of the MRSS, for
variable Y, is described as follows:

Where {Yi(ﬂ),-i Ym+i(m_-|—2)j,l' = 1,2,..,%,] = 1,2,..,7'} be the judgment order statistics of the i** sample of size {%} and the

2 2 2
jt"cycle of the r repeated.

3. Local Polynomial Regression (LPR)

Local polynomial regression is a nonparametric technique used to generalize kernel regression, also used to model functions and
smoothing one of the statistics plots, which is called the scatter plot. One of the most important uses is to find the relationship
between the dependent variable and the independent variable, LPR is better than other types of regression for having a good
performance near the boundary. For each point of z, a WLS which is low order weighted least square regression is fit at each
point of z. By the Fan and Gijbels (1996), (Z;,Y;) are defined according to the fixed model in equation (1).

Yi=m(Z) +0(Z)e i=1.,n @
Where Z; = i o(Z;) is the variance of Y; at point Z;, ¢; is a residual error with normal distribution with mean zero and variance
o?. For estimating m(Z;) we use a Tylor series.

P (z:—7)(P)
m(z) = m(z) + mV(z)(z; — 2) + -+ TEOED v

We need the point in the area of z because it gives us a higher weight than the other point remaining, we can estimate the
unknown parameters in equation (2) by using WLS weighted least square, depending on the following formula:

1 (zy—2) - (z;—2)° Y1
— e — P -3
2=t -2 @-2" .y 2| p=@wnzTwy
: : XX — P '
1 (-2 (zy — 2) o Yol .t
1 (Zl—Z)
2k (T) 0 0
1 (ZZ—Z)
W =
) 1 (;n—Z)
0 0 Hk( h ) e
Bo
p=|P| e={100-0)and w=diag{*k (D)} i=12,.,m;j=12.,r
ﬁn nxl

k(.) represents kernel function, h represents bandwidth. W represents the diagonal elements matrix of weight, where e; =
{100 ------ 0} is the (P + 1) times 1 with 1 in the first entry and 0 elsewhere.

4. Estimation of Cumulative Distribution Function (CDF)

4.1. Estimation of (CDF) Using The Maximum Likelihood Method (MLE):

4.1.1. Based on Ranked Sets Sampling (RSS).

Al-Saleh and Ahmad (2019) suggested and proved CDF using MLE based on
{Y(i;i)j,i =12,...,mandj =12, r} the represent RSS that we selected from the population with Pdf f(.) and CDF F(.),

and then we will use the maximum likelihood estimation MLE for estimating CDF F(Ygss) depending on the RSS. They
assumed that the variable Y; = }_, Y(;;;;; 1 = 1,2, ..., m is distributed according to a binomial distribution with mass parameter

m and success probability F (Yzss). Therefore, the estimator of the probability distribution function is defined according to the
following relationship:
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. Vi Zim Yup;  Xi=iZitaYani o
FMLE(YRSS) = mr = K = Yrss 3

Yrss is the mean obtained by estimating the CDF based on MLE by using RSS.

4.1.2. Based on Odd Median Ranked Sets Sampling (MRSS,).

Let {Yl,(m+1)j,i =1,..,m j=1, r} be median ranked sets sample odd MRSS, of size (k = mr), that we selected from the

2

population with Pdf f(.) and CDF F(.), and then we will use the maximum likelihood estimation MLE for estimating CDF
F(Yyrss,) depending on the MRSS,, note that for each i, {I (Yi(an)l < YMRSS()),I(YL.(mTH)Z < YMRSSO), ...,I<Yi(m_+1)r <

2

YMRSSO)} are independent and identically distributed (iid) each unit distributed Bernoulli distribution with probability of success
F(Yygss, ), and I(.) represent indicator.

Let {Yi distributed binomial with mass parameter m

MRSSo MRSS,

§=11<Yi(m7+1)j < YMRSSO) ,i=1,..,m } then variable Y;
and success probability F(Ygss, )-

The likelihood function is determined according to equation (4):

YirmRrss,

m’F(YMRSS")> - ﬁ <YiMT:sso) (F(YMRSSo)) <1 -F (YMRSSO))m_YiMRSSO 4

j=1

g (YiMRsso

Therefore, the estimator of the probability distribution function is defined according to the following relationship:
27=1Zﬁlyi(m_ﬂ)j Z§=1Zﬁlyi(m_+1)j

Fure(Yugss,) = o Lo X 22 = Vygss, 4)

YMRSSD is the mean obtained by estimating the CDF based on MLE by using MRSS,,.

4.1.3. Based on Even Median Ranked Sets Sampling (MRSS,).

The MRSS, element set is {Yi(ﬂ)j' Yﬂ+i(w)j,i =12, ? andj = 1,2,..,r} of size (k = mr), that we selected from the
2 2 2

population with Pdf f(.) and CDF F(.), and then we will use the maximum likelihood estimation MLE for estimating CDF
F (Yygss,) depending on the MRSS,, depending on the withdrawal method of median ranked sets, sample even note that for each

l
{I <Yi(%)1,Y%+i(an)1 < YMRSSe), ,I(Yi(%)r, Y%ﬂ.(m%z)r < YMRSSQ)} are independent and identically distributed (iid)
each unit distributed Bernoulli distribution with a probability of success F(YMRSSe), and I(.) represent indicator.

Let {YiMRSSg = Z?:H(Yi(g)y Y%H(m%z)l < YMRSSE>,i =1, %} then variable Yiurss, distributed binomial with mass

parameter m and success probability F(Yygss, )-
The likelihood function is determined according to equation (6):

r m YimRsse m_,
w (YiMRSSe m, F(YMRSSE)) = 1_[ ( 2 ) (F(YMRSSe)) (1 _ F(YMRSSE)) 2 "IMRSSe % (6)
j=1 YiMRSSe
Ym-'—i e m—Ym i
(Y%HMRSSE) (F(YMRSSE)) 2RSS (1 - F(YMRsse)) 2 HIMRSS,

Therefore, the estimator of the probability distribution function is defined according to the following relationship:

m
T 2 m
R j=1{ i=1 Yi(m)j+2i=ﬂ+1yi mt2 ]’} _
FMLE(YMRSSE) = 2 k 2 ( 2 ) :YMRSSE (7)

YMRSSe is the mean obtained by estimating the CDF based on MLE by using MRSS.,.
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4.2. Estimation of (CDF) Using the Method of Moments
4.2.1 Based on RSS:

Stokes and Sager (1988) suggested a new estimator, which is called the method of moments, for estimating the distribution
function F F(Ygss), by using the ranked sets sample, the equation (8) shows us the suggested estimator.

- Yo X (Yo, < Yess)

Fyom (Yass) = =222 k(l 2 (8)
They proved that CDF ranked set sample Frgs(Yrss) is an unbiased estimator for F(Ygss) and also has better efficiency than
CDF of simple random sample Fszs(Yors).
4.2.2. Based on MRSS,,:

Depending on the description of MRSS,, in the subsection 4.1.2, the distribution
{Yl.(m_ﬂ)j,i =12,..,mandj =12, r} for r independent binomial distribution with each mass parameter m and success
2

probability Pygss,, can be obtained in equation (9)

9 (Yizvmsso ) (Puss,) (1-P MRsso)m_YiMRSS" 9

We take the expectation for equation (9) for the purpose of calculating the distribution parameter estimate Pygss,, Which

m YiMRsso

m, PMRSSu) =r (YiMRsso
represents the CDF F(YMRSSD) and probability of success, based on the method of moments, through equation (10) we will get
the mean:
T m
E (YiMRSSO) = kPMRSSo = z Z Y,-(LH)]- (10)
== 2

R ;=1 Z;’il Yl(mTH j _
Fyvom (YMRSSO) = k = YMRSSO 1y

Yurss, 1S the mean obtained by estimating the CDF based on MOM by using MRSS,

4.2.3. Based on MRSS,:
Depending on the description of  MRSS, in the subsection 4.13, the distribution
Yi(m)j,YmH(m_»fz)j,i =12, ...,?;andj = 1,2,..,r} for r independent binomial distribution with mass parameter m and
2 2 2
success probability Pyggs,, which can be obtained in equation (12)
m

w YiMRssg k!PMRSSE =T _7 (PMRSSe)
(Yinsse [ Pansse) =74

MRSSe

YimRsse

m_y.
(1 - PMRSSE)Z MRSSe 4 (12)

Ym, .

S tLMRSS m-Ym .

2 e _ 2 tiMRSS
(1 P MRSSe) 2 e

m
(Y%+ IMRSSe ) (PMRSSe )

To calculate the distribution parameter estimate Pygss,, Where Pygss, = F(YMRSSE) which is the probability of success and
represents the CDF of the function, based on the method of moments, the expectation of the Pyggs, = F(YMRSSE) is defined
according to the following:

m
r 2 m

E (YiMRsse) = kPugss, = Z Vi), + Z Yymta), (13)

j=11i=1 =M 2

m 2

T 2 m

A B f=1{2i=1 Yi(%)}' + Zi=%+1 Yi(mT”)j} o
Fryom (Yurss,) = X = Yugss, (14)

YMRSSE is the mean obtained by estimating the CDF based on MOM by using MRSS,
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4.3. Estimation of (CDF) Using Local Polynomial Regression (LPR)
4.3.1. LPR based on RSS:

Estimation of cumulative distribution function CDF using local polynomial regression LPR based on ranked sets sampling RSS,
Fipr(Yrss) can be linearized by using a Tylor series, depending on section (3) equation (2) that we defined LPR with P degree.
Consider a fixed regression model:

F(Yrss) = F(Yan;) + o(Yap,)eysi = 1,2,.m; j =12, 1 (15)
o (Y;1;) is the variance of Yzss at point Y; ;y;, &; is a residual error with normal distribution with mean zero and variance 0.
- F@ ) ) F® ) .
Fipr(Yrss) = F(Y) + F (V) (Yrss — Y) + T (Yrss = Y)? 4+ -+ TR (Yrss — Y) (16)
dWFLpr(YRsS)

Where =~ represent the approximate equality, F®(Y) =

0 i=12,..,P
9YRss YRss=Y
Where P is the degree of the local polynomial range and Y is an observation from a data neighborhood around Yy If the CDF

of the ranked sets sample F;pr(Yrss) is unknown, the equation (16) is as follows:
F(Z)(y . )
[(4)) 2
Fier(Yin;) = F(Yass) + FO (Y)Y — Yass) + #(Ya,i)]’ — Yrss) +
F(P)(y.. )
@0 P

# (y(i,i)j — Yass) 17)
i=12.m;j=12.71
By estimating the ranked sets sample units F; p (Y(i_i)j), the equation (17) will be as follows:

PN 2 P
Fupr(Yiii5) = Pogss + Prass(Yaij = Yss) + Bagss(Yeiij = Yass)™ + + Brass(Yaiij — Yass) (18)
5 FO(va;) . _
Where ;. = — = 0,1,2,..,P
Using ordinary least square to estimate the unknown parameter Szss. Fan and Gijbles (1996) mentioned that the point in the

area of Yy is giving us a higher weight than the other point. Rather, we can estimate the unknown parameters in equation (18)
by using weighted least square depending on the following formula:

ﬁoRSS
. 3 ~ . . Lo, ~
Prss = .31;:;55 ; Brss = (YRSSTWRSSYRSS) Yiss' WhssFrss (19)
BPRSS Px1
Where
P ~
1 (Y(1,1)1 - YRS.S‘) (Y(l.l)l - YRSS) F(Y(1,1)1)

Yess =1 1 (Y(m,m)l - YRSS) (Y(m,m)l - YRss)P i Fres = F(y(m,m)l)

1 (Y(m.m)r - YRSS) (Y(m‘m)r - YRSS)P F(Y(m,m)r) k1

1 Yin; — Y,
& WRSS b dlag kRSS ( ) RSS) ,i = 1, ...,m,j b 1, e, T (20)
hRSS h’RSS

Since kggs(.) represent kernel function, hggs represent bandwidth that manages the size of the point in the zone of Yggs. Wges
represents diagonal elements matrix of weight, since the estimator of ﬁoRSS is the CDF of local polynomial regression in ranked
sets sample, where e, is the vector has 1 in the first entry and somewhere else is zero.

A A « « -1 « ~ ~

Fipr(Yrss) = e X frss = e X (YRSSTWRSSYRSS) YRSSTWRSSFRSS = .BoRssi eg= {100 - 0} (21)
We have concluded in equation (21) that the estimator g, ... is equal likely to the F,pr (Yrss) Which is the estimator of the CDF
based on LPR with degree P, this indicates that the estimator /?ORSS is equal to the estimator FLPR(O)(YRSS) which is the estimator
of the CDF based on LPR with degree P = 0 in RSS, with the value of the vector eI = {1} in equation (22).
leq Die1 krss(Yeii)j — Yess)Frss

To1 Die1 krss(Yiij — Yrss)

FLPR(O) (Yrss) = (22)
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We have proved in equation (21) that the estimator /?ORSS is equal likely to the F,pr (Yrss), and also the estimator [?ORSS is equal

to the FLPR(Q(YRSS) which is the estimator of the CDF based on LPR with degree P = 1 in RSS, with the value of vector el =

{1,03, in equation (23).

So(Yij» hrss) — S1(Yeinyj» Brss) (Yo — Yrss)

So(Yi,00» hrss)S2 (Yo hrss) — S1 (Yoo g hss)
— L

Where S, (Yiii)j hrss) = krds Xreq 2ot (Vi Yass) krssy, (Yaiij» Yass)

The properties of CDF will be studied based on local polynomial using ranked sets sampling depending on these conditions:

1- The function F® (Y) and ¢ each continuous on [0,1].

2- The kernel kggs is symmetric about zero and is reinforced on [—1,1].

3- The bandwidth hggs = hggs, it is a satisfactory sequence, hgss = 0 and khggs — o as k — oo.

4- The point ¥{; ;y; at which the estimate is made satisfactory hgpss < Y(;;); < 1 — hggs for all k = k,, where k, is fixed.

In this subsection, we will make a derivative for the bias and MSE of the estimate CDF based on local polynomial.

- . e V1o -
E (FLPR(l)(YRSS)) =E {91T (YRSSTWRSSYRSS) YRSSTWRSSFRSS}

Fipreyy(Yess) = kgss (23)

E (FLPR(l) (YRSS)) = Fggs + %hf;?sFﬁszguz (krss) + O(hiZskids) (24)
Bias (FLPR(D (YRSS)) = %h;(ng)sFR(szgﬂz (krss) + O(hi(ezs)skﬁés) (25)
MSE (Fuen gy Vass) ) = ef (Viss Wass¥iss) Vs  WassV (F(Yass) WassViss (Yiss WassYiss) ex (26)
MSE <ﬁLPR(1)(YRSS)> = (khgss) "R Uepss)V (F (Yass)) + O{(khgss) ™"} (27)

In the applied aspect, in Table 1.1, we use the R-Program to obtain values of the empirical MSE and Bias of CDF based on LPR
by using RSS, with four level sets size (m = 2,3,4,5) and number of cycles (r = 3,5,7). We take degree P = 2 of LPR with
bandwidth 0.8 because they give a good result compared to other bandwidths and degrees and use kernel (normal, epanechnikov)
with three values of probability (Pgss = 0.25,0.50,0.75).

Table 1.1: The empirical mean square error and bias of CDF based on LPR by Using RSS
Kernel / Normal

r=3 m=2,k=6 m=3,k=9 m=4,k=12 m=5k=15
Prss=0.25 Mse = 0.000107486 Mse = 0.0001035949 Mse = 0.0001014252 Mse = 7.986923e-05
Bias = 0.0004636507 Bias = 0.0004551812 Bias = 0.0004503893 Bias = 0.0003996729

Prss =050 |946986e-05 Bias =0.00034 Mse =5.383707e-05 #.66936e-05 Bias = 0.00030%.70322e-05 Bias = 0.00030¢
Bias = 0.0003281374

Ppss=0.75 Mse = 2.168546e-05 Mse = 2.295053e-05 Mse = 4.179461e-05 Mse = 2.598391e-05
Bias = 0.0002082569 Bias = 0.0002142453 Bias = 0.000289118 Bias = 0.0002279645

r=5 m=2,k=10 m=3, k=15 m=4,k=20 m=5k=25
Ppss=0.25 Mse = 3.894282e-05 Mse = 2.321515e-05 Mse = 3.138624e-05 Mse = 2.607705e-05
Bias = 0.00027908 Bias = 0.0002154769 Bias = 0.0002505444 Bias = 0.0002283727

Pprss =0.50 158395e-05 Bias = 0.0002{ Mse = 2.049009e-05 1.98626e-05 Bias = 0.000199.083776e-05 Bias = 0.00020
Bias = 0.0002024356

Ppss=0.75 Mse = 1.459885e-05 Mse = 1.734523e-05 Mse = 1.692903e-05 Mse = 1.845636e-05
Bias = 0.0001708733 Bias = 0.0001862537 Bias = 0.0001840056 Bias = 0.0001921268
r=7 m=2k=14 m=3, k=21 m=4,k=28 m=5k=35
Ppgs=0.25 Mse = 1.264575e-05 Mse = 1.352716e-05 Mse = 1.15039e-05 Mse = 1.099064e-05
Bias = 0.000159033 Bias = 0.000164482 Bias = 0.0001516832 Bias = 0.0001482609
Ppss =050 [211694e-05 Bias = 0.0001y Mse = 1.238188e-05 .398311e-05 Bias = 0.00016  Mse = 9.6613e-06
Bias = 0.0001573651 bias = 0.0001390058
Ppss=0.75 Mse = 7.667563e-06 Mse = 9.508394e-06 Mse = 1.167593e-05 Mse = 6.628009e-06
Bias = 0.0001238351 Bias = 0.0001379014 Bias = 0.0001528131 Bias = 0.0001151348
Kernel / Epanechnikov
r=3 m=2,k=6 m=3,k=9 m=4,k=12 m=5k=15
Ppgs=0.25 Mse = 0.0001206227 Mse = 8.56113e-05 Mse = 6.935339e-05 Mse = 8.86133e-05
Bias = 0.0004911674 Bias = 0.0004137905 Bias = 0.0003724336 Bias = 0.0004209829

Ppss =050 [661436e-05 Bias = 0.0003] Mse = 5.640625e-05 .636432e-05 Bias = 0.00033.704077e-05 Bias = 0.00033
Bias = 0.0003358757
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Ppss=0.75 Mse = 1.99026e-05 Mse = 2.287863e-05 Mse = 3.196004e-05 Mse = 4.15294e-05
Bias = 0.0001995124 Bias = 0.0002139095 Bias = 0.0002528242 Bias = 0.0002881992
r=5 m=2,k=10 m=3,k=15 m=4,k=20 m=5,k=25
Ppss=0.25 Mse = 3.369704e-05 Mse = 2.682286e-05 Mse = 1.952314e-05 Mse = 2.263933e-05
Bias = 0.0002596037 Bias = 0.0002316154 Bias = 0.0001976013 Bias = 0.0002127878
Pprss=0.50 Mse = 2.034624e-05 Mse = 1.930976e-05 Mse = 1.933795e-05 Mse = 2.062103e-05
Bias = 0.0002017238 Bias = 0.0001965185 Bias = 0.0001966619 Bias = 0.0002030814
Prss =0.75 Mse = 7.79924e-06 Mse = 1.103365e-05 Mse = 1.969276e-05 Mse = 1.909245e-05
Bias = 0.0001248939 Bias = 0.0001485506 Bias = 0.0001984578 Bias = 0.0001954096
r=17 m=2k=14 m=3 k=21 m=4,k=28 m=5k=35
Ppss=0.25 Mse = 1.560244e-05 Mse = 1.161882e-05 Mse = 1.186293e-05 Mse = 1.385473e-05
Bias = 0.000176649 Bias = 0.000152439 Bias = 0.000154032 Bias = 0.0001664616
Prss =050  |.03374e-05 bias = 0.00014, Mse = 1.377892e-05 Mse = 1.074807e-05 Mse = 1.121305e-05
Bias = 0.0001660056 Bias = 0.0001466156 Bias = 0.0001497535
Ppss=0.75 Mse = 8.002706e-06 Mse = 6.681595e-06 Mse = 6.970129e-06 Mse = 1.073552e-05
Bias = 0.0001265125 Bias = 0.0001155993 Bias = 0.0001180689 Bias = 0.00014653

From the results of table 1.1, figure 1, and figure 2, we can observe the following:

1- For fixed values Pggs and m, when the number of cycles is increasing r = 3,5 and 7, the values of Mse and Bias are decreasing.
For more evidence, we can see Figure 1 when the blue line gradually curves as the number of cycles increases.

2- For fixed values m and sample size k, when the probability is increasing

Prgs = 0.25, 0.50, and 0.75, the blue line gradually curves; see Figure 2, which means that values of Mse and Bias are
decreasing.

3- Kernel epanechnikov gives us a better result than the gaussian kernel; for evidence, the result of empirical Mse and Bias in
epanchnikov are less than gaussian.

4.3.2. LPR based on MRSS,:

Estimation of cumulative distribution function CDF using local polynomial regression LPR based on median ranked sets
sampling odd MRSS,,, we take P degree of local polynomial regression, and using a Tylor series for linearizing F;pg (Yugss,)

as follows:

Consider a fixed regression model:
F(Yugss,) = F (Yi(mTH)j) to (Yi(mTH)j) gl =12.m;j =12,.71 (28)

o (Yi(m_u)j) is the variance of Yygss, at point Yi(m_n)j, &;; is a residual error with normal distribution with mean zero and
2 2

variance 2.
F@(Y) 2
Fipg (YMRSSO) ~F(Y) + F(l)(y)(YMRSSO - Y) + o1 (YMRSSo - Y) + -
F®)(y) P
t—p (Yaursso = Y) (29)

a®F (YMRSSO)

Where FO(Y) = ) i =12,..,P ;Y isanobservation from a data neighborhood around Yygss,,, equation

YMRSSo=Y

OYMRsS,

(29) is reformulated as follows:

Fipr (Yi(mTH)j> ~ F(Yurss,) + FV (yi (mTH)j> (Yi(m_ﬂ)j - YMRSSO) (30)

FO (Y ) ) PO (1)

P
* 2! P! Vi, YMRSSO)

2
Yl(m_-l-l)] - YMRSSO) + -+ ]

2

i=12,.m;j=12,..r
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i

By estimating the ranked sets, sample units F;px (Y (m_—i—l)}) in equation (30) will be as follows:
2

2
Fipr (Yi(mT"'l)j) = 'BOMRSSO + 'BlMRSSO (Yi(mT"'l)j - YMRSSO) + 'BZMRSSO (Yi(mTH)j - YMRSSO) 31)

P
4+ .4 ﬁPMRSSo (Yl(mTH)] - YMRSSO)

F(i)<yi(m—“)f>
Where Birrssy = + i=012,..,P
>ﬁ0MRSSO
. R N . . -1, N
BMRSSO = 'BleeSSo ) :BMRSSO = (YMRSSOTWMRSSO YMRSSO) YMRSSOTWMRSSOFMRSSO (32)
_BPMRSSO il
— P_ _ _
U (o) (g = tso) ey
P ~ ~
Yarssy = 1 (Ym(mT-l—l)l - YMRSSO) (Ym(mT-i—l)l - YMRSSO> Fygsso = |F (ym(mTH)l)
U (g i) P F(omzny,)
L m(mTH)r Misso <Ym(mT+1)r B YMRSSO) “PxP ) ym(mTH)r “Px1
1 (YL. Lﬂ)j_YMRSSO)
WMRSSO = dlag hMRsso kMRSSO Zh.MT ,i = 1,...,m,j = 1,...,T (33)

kurss, (- ) represents the kernel function of MRSS,, and hygss,, represents the bandwidth that manages the size of the point in
the zone of Yy rss,- Wurss, represents the diagonal element matrix of weight since the estimator of BOMRSSO is the CDF of local
polynomial regression in median ranked sets sample odd, where e; is the vector with 1 in the first entry and elsewhere is zero.
FLPR (YMRSSO) =e; X ﬁMRsso =e X (YA;RSSOTWMRSSOY&Rsso)_1Y1;1R550TWMRSSOFMRSSO = BoMRSSO (34)
Estimation of the CDF based on LPR with degree P = 0, with the value of vector el = {1}, indicates that the estimator BOMRSSO

is equally likely to the F,pg (Yygss, ), Which is equal to the estimator Fypg , (Yass,) in equation (35),

257:1 Zﬁ1 kMRSSO <Yi(mT+1)j - yMRSSg) FMRSSO

(35)

FLPR(O)(YMRSSO) =
?:1 Z?Q kMRSSo (Yi(mTH)j - YMRSSO)

We have proved in equation (34) that the estimator BDMRSSO is equally likely to the estimator F‘LPR(YMRSSO), which is equal to
the estimator FLPR(D(YMRSSO), which is the estimator of the CDF based on LPR with degree P = 1, with the value of the vector

being el = {1,03}, in equation (36).
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SO (Yl(mTH)J; hMRSSo) - Sl (Yl(mT-i—l)J; hMRSSo) (Yl(mT-i—l)} - YMRSSO)

Frprey (Yirsso) = Kiksso (36)

So (Yi(mT‘rl)j' hMRSSo) S (YL-(MTH)]-: hMRSSO) -5 (Yi(mTH)j' hMRSSO)
Where S, (Yi(mTﬂ)j: h) = k;ﬁesso Yi=12i% (Yi(mTﬂ)j' YMRSSO)L kMRSSoh (Yi(mTﬂ)j' YMRSSO)

The properties of CDF will be studied based on local polynomial using median ranked sets sampling odd, depending on these
conditions:

1- The function F® (Y) and ¢ each continuous on [0,1].

2- The kernel kygss,, is symmetric about zero and is reinforced on [—1,1].

3- The bandwidth hygss, = hMRSSOk it is a satisfactory sequence, hygss, = 0 and khygss, = % as k — oo.

4- The point Yl.(mTH)j at which the estimate is made satisfactory hygss, < Yi(mTH)]. < 1 — hygss, forall k > ko, where k, is

fixed.

In this subsection, we will make a derivative for the Bias and MSE of the estimate CDF based on local polynomial.

~ " . -1 . ~
E (Pupey (Varsso) ) = B {e (Fiimss, Waansso Yirsso)  Yiinsso Wanksso Fussso

" 1 _
E (FLPR(l)(YMRSSo)) = Fugss, + Ehgji)QSSOFI\EI?SSO”Z (kursso) + O(hg})esso Kitksso) (37)
. (A 1 _
Bias (FLPR(l)(yMRSSO)) = Ehg/?l)?SSOFI\SI?SSOMZ(kMRSSO) + 0(Riass, kirksso) (38)
' * * -1 *
MSE (Fuen ) (Yinsso) ) = el (Ginssy WaasssoYisso)  Yiinsso WaasssoV (F(Yunsso)) (39)

Wirss, Yiarsse” (Viirsse " Wirsso Yiorsso ) e
MRSSo YMRssg \YMRrssg WMRssoYMRrssg) €1

MSE (Fuprgy (Vursso) ) = Gemnssohunsso)” RCkusso)V (F(Yursso)) + O {(Rmmssohmnsso) '} (40)

In the Table 1.2, we use the R-Program to achieve the result of the empirical mean square error and bias of CDF based on LPR
by using MRSS odd with four levels of set size (m = 3,5,7,9), with three values of probability (Pyrss, = 0.25,0.50,0.75), and
with the same number of cycles r, degree of kernel, type of kernel, and bandwidth as in the previous table 1.1.

Table 1.2: The empirical mean square error and bias of CDF based on LPR by Using MRSS ODD

Kernel / Normal
r=3 m=3,k=9 m=5k=15 m=7,k=21 m=9, k=27
Pygss,=0.25 Mse = 8.512535e-05 Mse = 7.691912e-05 Mse = 8.174425e-05 Mse = 7.924077e-05
Bias = 0.0004126145 Bias = 0.0003922222 Bias = 0.0004043371 Bias = 0.0003980974
Pypss, =0.50 |865291e-05 Bias = 0.0003{ Mse =5.529911e-05 ).341845e-05 Bias = 0.0003%.342218¢-05 Bias = 0.0003%
Bias = 0.0003325631
Pygss, = 0.75 Mse = 2.326374e-05 Mse = 3.806345e-05 Mse = 4.086824e-05 Mse = 3.77983e-05
Bias = 0.0002157023 Bias = 0.000275911 Bias = 0.0002858959 Bias = 0.0002749484
r=5 m=3, k=15 m=5k=25 m=7,k=35 m=9,k=45
Pygss, = 0.25 Mse = 2.637953e-05 Mse = 2.60296e-05 Mse = 2.278614e-05 Mse = 2.114632e-05
Bias = 0.0002296934 Bias = 0.0002281649 Bias = 0.0002134767 Bias = 0.0002056517
Pygss, =0.50 |524377e-05 Bias = 0.0001] Mse =1.809422e-05 |1.96922e-05 Bias = 0.000191.632715¢-05 Bias = 0.0001
Bias = 0.0001902326
Pygss, = 0.75 Mse = 1.107483e-05 Mse = 1.713709e-05 Mse = 1.3506e-05 Mse = 1.482615e-05
Bias = 0.0001488276 Bias = 0.0001851329 Bias = 0.0001643533 Bias = 0.0001721984
r=7 m=3, k=21 m=5k=35 m=7,k=49 m=9,k=63
Pygss, = 0.25 Mse = 1.56476e-05 Mse = 9.443144e-06 Mse = 1.042319e-05 Mse = 1.071913e-05
Bias = 0.0001769045 Bias = 0.0001374274 Bias = 0.0001443828 Bias = 0.0001464181
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Pypgss, =0.50

674636e-06 Bias = 0.0001

Mse = 9.210139¢e-06
Bias = 0.0001357213

.552546e-06 Bias = 0.00013

7.716423e-06 Bias = 0.0001:

PMRSSO =0.75

Mse = 9.022209e-06
Bias = 0.0001343295

Mse = 6.555129¢-06
Bias = 0.0001145

Mse = 9.568994e-06
Bias = 0.0001383401

Mse = 8.611258e-06
Bias = 0.0001312346

Kernel / Epanechnikov

r=3

m=3,k=9

m=5,k=15

m=7,k=21

m=9, k=27

Pyrss, =0.25

Mse = 0.0001048237
Bias = 0.0004578727

Mse = 7.279169e-05
Bias = 0.0003815539

Mse = 6.217946e-05
Bias = 0.0003526456

Mse = 6.378918e-05
Bias = 0.0003571811

Pypgss, =0.50

Mse = 5.373519e-05
Bias = 0.0003278267

Mse = 5.708709e-05
Bias = 0.0003378967

Mse = 7.544543e-05
Bias = 0.0003884467

Mse = 5.500072e-05
Bias = 0.0003316647

PMRSSO =0.75

Mse = 3.294451e-05
Bias = 0.0002566886

Mse = 3.944943e-05
Bias = 0.0002808894

Mse = 3.64872e-05
Bias = 0.0002701377

Mse = 3.562654¢e-05
Bias = 0.0002669327

r=5

m=3,k=15

m=5k=25

m=7,k=35

m=9, k=45

Pyrss,=0.25

Mse = 2.706822¢-05
Bias = 0.0002326724

Mse = 2.142626e-05
Bias = 0.0002070085

Mse = 2.363208e-05
Bias = 0.0002174032

Mse = 1.916575e-05
Bias = 0.0001957843

Pypgss, = 0.50

Mse = 2.02618e-05
Bias = 0.0002013047

Mse = 1.732828e-05
Bias = 0.0001861627

Mse = 2.406087e-05
Bias = 0.0002193667

Mse = 1.673458e-05
Bias = 0.0001829458

PMRSSO =0.75

Mse = 1.15668e-05
Bias = 0.0001520973

Mse = 1.023598e-05
Bias = 0.0001430803

Mse = 1.64224e-05
Bias =0.0001812313

Mse = 1.666829¢e-05
Bias = 0.0001825831

r=7

m=3,k=21

m=5,k=35

m=7,k=49

m=9, k=63

Pyrss, =0.25

Mse = 1.297796e-05
Bias = 0.0001611084

Mse = 1.355451e-05
Bias = 0.0001646481

Mse = 1.365714e-05
Bias = 0.0001652703

Mse = 1.144232¢-05
Bias = 0.0001512767)

Pypgss, =0.50

.17379e-05 bias = 0.00015

Mse = 1.000622e-05
Bias = 0.0001414653

Mse = 1.265157e-05
Bias = 0.0001590696

Mse = 1.054311e-05
Bias = 0.000145211)

PMRSSO =0.75

Mse = 9.345159¢e-06
Bias = 0.0001367125

Mse = 8.477178e-06
Bias = 0.0001302089

Mse = 8.385006e-06
Bias = 0.0001294991

Mse = 1.065344¢e-05
Bias = 0.0001459688)

The following steps describe table 1.2, Figure 3, and Figure 4:
1- When the number of cycles is increasing r = 3,5 and 7, for fixed values Pygss, and m, the values of Mse and Bias are
decreasing, and also Figure 3 proves that the blue line is curving gradually when we increase the cycles r.
2-In Figure 4, we notice that the blue line continues to curve as the probability increases ( Pygss, = 0.25, 0.50, 0.75), and this
indicates a decrease in the values of Mse and bias for fixed values m and sample size k.
3-Intable 1.2, we notice that the kernel epanechnikov is better than the kernel gaussian. Evidence of this is that the experimental
values in Mse and Bias are lower than what they are in the kernel gaussian.

4.3.3. LPR based on MRSS,:

Estimation of cumulative distribution function CDF using local polynomial regression LPR based on median ranked sets
sampling even MRSS,, we can linearize the CDF, F (Yygss,), by using a Tylor series and with P degree of local polynomial

regression.

The regression fixed model based on median ranked sets sample even:

F(YMRSSe) = F (YL(%

1,2,..

L = 2

Fipr (YMRSSE) ~ F(Y)+F® (Y)(YMRSSE -Y)+
F(P)(y)
PI

0OF(Ymrss,)

where FO(Y) = 5

O0YMRSSe

b+ gy o (v

;] =12, 1r

(Yirss, = ¥)"

Hity

F®@ 09
2!

2. mgzy)

(YMRSSg - Y)Z + o

(39)

(40)

i=12,..,P ;Y is an observation from the data neighborhood around Yyggs,; if the

YMRSSe=Y

CDF of ranked sets sample F;pr (Yurss,) is unknown, the equation (40) will be as follows:

Furs (Vi) Yoo

)=

F(Y,)+F® (Yi(g)j +Ym

2 2

29

) (g V) - o)+

(4D
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+

2
21 i m)]- + Yﬂ .(m+2)j> - YMRSSE) + ..

2 2 2

F@ (YL.(%) jHm i), ) ((y.(

+

®

F (Yi(%)f +Y?+i(m7+2)f) (Y
P! i(

i=12.,2 ) =12,..,r, where~{Z+2=m}

P
£+ V) s

By estimating the ranked sets sample units F; pg (Yi(ﬂ)j + Ym_H.(m_-i-Z)j), the equation (41) will be:
2 2 2

FLPR (Yl(%)] + Ym+l(m—+2)]) =~ IBOMRsse + BlMRSSe <(YL(T;)} + Ym_H(m_-FZ)]) - YMRSSe) + (42)

2 2 2 2

2 P
Bauigss, ((Yi(%)j + Yﬂ+i(m—+2)j> - YMRSSe) + o+ Brygss, ((Yi(%)j + YEH(LH)J-) - YMRSSQ>

2 2 2 2

()
" (Yf@f”%ﬂ(m;zw)

i!

Where Bivrss, = i=012..,P

E OMRSSe

A B A T -1 T N
Burss, = ﬁlM,RSSe ; Burss, = (YI\;RS.S‘E WMRSSQYIJIRSSe) Yurss, Whwurss,Furss, (43)

A PMRsSed,,

1: (T Y*;H(”?z)l) ) (e Y%“E'%”)l) )

P
fins =y (Ve  Ygugey) o) - (g + Yooy ) - ons

2

_ 1 ((Y%(%)r + Ym(nz;;)r) - YMRSS,,,) <(Y’;(’;)r N Ym(@)r) i YMRSSB>P

_ . “PxP
PV, Yz,
F =|F (Y +Y )
Puss, = | F(Ymemy, +7, meay,
F (Y +Y )
N R G LN
Yymy+¥m om+2 .)—YMRsse
Wyrss, = diag ;kMRSS G 55 =1, =1, (44)
€ hMRss, € hMRss, 2

kurss, (.) represents the kernel function of MRSS,, and hygss, represents the bandwidth that manages the size of the point in
the zone of Yy ss,. Wurss, represents the diagonal element matrix of weight since the estimator of /?OMRSSe is the CDF of local
polynomial regression in median ranked sets sample even, where e; is the vector with 1 in the first entry and elsewhere is zero.
F'(YMRSSE) =e X BMRSSB =e; X (YMRSSBTWMRSSQYMRSSe)_1YMRSSETWMRSSEFMRSSQ = ﬁoMRSSE (45)

In equation (45), we get the estimator B, <., which is equally likely to the £, pg (Yrss, ), hich is equal to the £, pg ;) (Yugss,)
the estimator of the CDF based on LPR with degree P = 0, with the value of vector e = {1}, in equation (46).
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m
7
. ~ G122 Kurss, (yi(%)j + ern (2); YMRsse) Fugss,
FLPR(O) (YMRSSe) - m (46)
r 2 _
o1 8= kurss, (Y () + Yr;l+ () YMRsse>
In the equation (47) we prove Fypr ) (Yugss,), Which is the estimator of the CDF based on LPR with degree P = 1, with the

value of the vector being el = {1,0}, this indicates that the estimation of vasse is equally likely to the FLPR(YMRSSe), which
is equal to the Fypp ,, (Yurss,) in equation (47).

FLPR(l)(YMRSSe) =
- (P Vpamgey s ) =51 (Vg Yoy s ) (Vg + Yo gy, Yo (47)
5o (P + Vg s ) e (Vi + Ve s ) =1 (Vg + ¥ty s
Where SL( (2) +Ym (m+2) hMRSSe) =
L
Kiks Z Z (i Vsgmgzy Yo ) s (V) + Vo gy Yo, “

The properties of CDF WI|| be studied based on local polynomial using median ranked sets sampling even depending on these
conditions:

1- The function F® (Y) and ¢ each continuous on [0,1].

2- The kernel kygss, is symmetric about zero and is reinforced on [—1,1].

3- The bandwidth hygss, = hwmrss,, it is a satisfactory sequence, hygss, = 0 and khygss, = © as k — .

4- The point (Y.(m) -+ Ymﬂ.(mfﬂ)j) at which the estimate is made satisfactory.
2

2

hMRSSe < Yl( ) + Ym (m+2)] < 1 - hMRSSe fOI’ a.” k 2 ko, Where ko |S fIXEd

2
In this subsection, we WI|| make a derivative for the bias and MSE of the estimate CDF based on local polynomial.

0 * T * 1, T A
E (FLPR(l) (YMRSSE)) =E {e{(YMRSSe WMRSSQYMRSSB) YMRSSe WMRSSEFMRSSE}

E (F'LPR(l)(YMRSSe)) = FMRSSe hgj}esseF 1\/(1?559#2 (Kugss,) + O(hgz)assekm}esse) (49)

Bias (FLPR(l)(YMRSSe)) hz(;;)esse Fy 1\5132)558”2 (Knrss,) + O(hz%)zsse k;ﬁesse) (50)

MSE <FLPR(1)(YMRSSe)) =e (YMRsse WMRsseYnszsse)_IYﬁRsseTWMRsseV (F (YMRSSE)) (51)
Wargss,Yiinss, (Yimss, Warrss, Yiinss,) €T

MSE (Fuprgy (Vurss.) ) = Cemnss,hunss.)” RCunss, )V (F(Yaanss,)) + 0 {(ennss, rss,) ) (52)

In Table 1.3, we will solve the empirical mean square error and bias of CDF based on LPR by using MRSS even with four levels
of set size (m = 2,4,6,8), with three levels of probability (Pygss, = 0.25,0.50,0.75) with the same number of cycles r, degree of
kernel, type of kernel, and bandwidth as in the previous tables.

Table 1.3: The empirical mean square error and bias of CDF based on LPR by Using MRSS EVEN
Kernel / Normal

r=3 m=2,k=6 m=4,k=12 m=6,k=18 m=8, k=24

Ppgss, = 0.25 Mse =0.0001086189 Mse =9.811098e-05 Mse = 6.557998e-05 Mse = 8.739888e-05
Bias = 0.0004660877 Bias = 0.0004429695 Bias = 0.0003621601 Bias = 0.0004180882

Bias = 0.000332053

Pyprss, =0.50 |418607¢-05 Bias =0.0003] Mse =5.512962¢-05 664477¢-05 Bias = 0.0003(312043¢-05 Bias = 0.0003

Ppypgss, =0.75 Mse = 1.983807e-05 Mse =2.367623e-05 Mse = 3.517974e-05 Mse =3.618193e-05
Bias =0.0001991887 Bias = 0.0002176062 Bias = 0.0002652536 Bias = 0.0002690053

r=35 m=2,k=10 m=4,k=20 m=6,k=30 m=38,k=40

Ppygss, =0.25 Mse =3.73182e-05 Mse =2.330108e-05 Mse = 2.754449¢e-05 Mse =2.789499¢-05
Bias = 0.0002731966 Bias = 0.0002158753 Bias = 0.0002347104 Bias = 0.000236199
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Pyprss, =0.50 |611155¢-05 Bias = 0.00017 Mse =2.056189¢-05 .56869¢-05 Bias = 0.00017.545758¢-05 Bias = 0.0001]
Bias = 0.00020279
Pyprss, =0.75 Mse =1.09177e-05 Mse = 1.606776e-05 Mse = 1.418493e-05 Mse = 1.940943¢-05
‘ Bias = 0.000147768 Bias = 0.0001792639 Bias = 0.0001684336 Bias =0.000197025
r=7 m=2,k=14 m=4,k=28 m=6,k=42 m=8, k=156
Ppygss, =0.25 Mse = 1.541827e-05 Mse = 1.022398e-05 Mse = 1.08598e-05 Mse = 1.15695e-05
Bias = 0.0001756034 Bias = 0.0001429964 Bias = 0.0001473757 Bias =0.0001521151
Pypss, =0.50 1078183e-05 Bias =0.00019 Mse =1.026643e-05  1229568e-05 Bias = 0.00011829758¢-06 Bias = 0.0001
Bias =0.000143292
Pygss, = 0.75 Mse = 6.130213e-06 Mse = 7.483774e-06 Mse = 8.35094e-06 Mse = 8.344404¢-06
Bias =0.0001107268 Bias =0.0001223419 Bias = 0.0001292358 Bias =0.0001291852
Kernel / Epanechnikov
r=3 m=2,k=6 m=4,k=12 m=6,k=18 m=8, k=24
Pygss, = 0.25 Mse = 0.0001040585 Mse =0.0001081452 Mse = 7.688896e-05 Mse = 8.177441e-05
Bias = 0.0004561985 Bias = 0.0004650703 Bias = 0.0003921453 Bias = 0.0004044117
Pygss, = 0.50 Mse = 5.506826e-05 Mse =4.512977e-05 Mse = 4.609768e-05 Mse = 6.321508e-05
Bias =0.0003318682 Bias = 0.0003004323 Bias =0.0003036369 Bias =0.0003555702
Ppygss,=0.75 Mse = 2.04245e-05 Mse = 3.123355e-05 Mse = 3.560996e-05 Mse =4.591781e-05
Bias =0.0002021114 Bias = 0.0002499342 Bias = 0.0002668706 Bias =0.0003030439
r=3 m=2,k=10 m=4,k=20 m=6,k=30 m=38,k=40
Ppgss, = 0.25 Mse =3.372501e-05 Mse = 2.574094e-05 Mse = 2.332808e-05 Mse = 2.738825¢e-05
Bias =0.0002597114 Bias = 0.0002268962 Bias = 0.0002160004 Bias = 0.0002340438
Pgss, = 0.50 Mse =2.510962¢-05 Mse = 1.965092¢-05 Mse = 1.50904e-05 Mse = 1.491986e-05
Bias = 0.0002240965 Bias = 0.0001982469 Bias =0.0001737262 Bias =0.0001727418
Pyprss, =0.75 Mse = 7.975208e-06 Mse 1.677073e-05 Mse = 1.190957e-05 Mse = 1.722819¢-05
‘ Bias = 0.000126295 Bias =0.0001831433 Bias = 0.0001543345 Bias =0.0001856243
r=17 m=2,k=14 m=4,k=28 m=6,k=42 m=8, k=156
P ygss,= 0.25 Mse = 1.558296e-05 Mse = 1.510541e-05 Mse =9.30583e-06 Mse = 1.232422¢-05
Bias =0.0001765387 Bias =0.0001738126 Bias = 0.0001364246 Bias = 0.0001569982
Pygss, = 0.50 Mse = 1.284562¢-05 Mse = 9.537822¢-06 Mse = 9.276924¢-06 Mse = 1.013299¢-05
Bias =0.0001602849 Bias =0.0001381146 Bias =0.0001362125 Bias = 0.0001423586
Ppyrss,=0.75 Mse =7.110055e-06 Mse = 8.564457e-06 Mse = 8.637282e-06 Mse = 8.434095¢-06
Bias = 0.0001192481 Bias = 0.0001308775 Bias =0.0001314327 Bias = 0.0001298776

Table 1.3, Figure 5, and Figure 6, were interpreted as follows:
1- The values of Pyss, and m are immutability, Mse and Bias are decreasing, such as the blue line curving in the figure 5,
this happens when the repetitions are increasing, r = 3,5,7.
2- As the probability Pygss, = 0.25,0.50, and 0.75 increases, the value of both Mse and Bias decreases if the sample size k and
m are stable. Figure 6 proves that through the curvature of the blue line.
3- On the basis of the result empirical Mse and Bias, we confirmed that the kernel epanechnikov is better than the kernel gaussian.

5. Simulation Study And Conclusion

5.1. Monte Carlo Comparisons

In this part, a comparison is made between the CDF estimator for the three methods (moment, maximum likelihood, and local
polynomial regression) based on the relative efficiency RE, which is defined according to the following relationship:

MSE (F(Yo)
MSE(F (Y))
To generate RSS and MRSS, we assume that the ranking process is done using imperfect ranking mode, with a binomial
distribution when simulation n = 500 and sample size k = m = r in four levels of sets size m = 2,3,4,5, in RSS. And in MRSS
m = 3,5,7,9 for type odd, also m = 2,4,6,8 for type even, cycles r = 3,5,7. With three degrees of probability (0.25, 0.50, 0.75),
we used two types of kernels (normal, epanechnikov). We use bandwidth 0.8 with degree 2 for LPR because they give a good
result compared to other bandwidths and degrees. In Tables 2.1, 2.2, and 2.3, we use R-programing to obtain the result of the
relative efficiency RE.

RE;(CDF) = i =MOM,MLE ; k = RSS,MRSS (53)

32



Iraqgi Journal of Statistical Sciences, Vol. 22, No. 1, 2025, pp (19-38)

Table 2.1: The Relative Efficiency

Kernel / Normal

RE) Of the Method Of Moment And MLE To LPR based on RSS

r=3 m=2,k=6 m=3,k=9 m=4,k=12 m=5,k=15
MOM & LPR Pres=0.25 1.135750702 1.16406889 1.17344999 1.471932307
MLE & LPR Pres=0.25 1.137516514 1.162210688 1.174450728 1.474069551
MOM & LPR Pgrss = 0.50 8.206516713 8.963245957 10.20831334 10.00206242
MLE & LPR Pgrss =0.50 8.208776681 8.952738327 10.19476759 10.00882799
MOM & LPR Prss =0.75 5.063775451 47.27995388 25.63634402 40.74663898
MLE & LPR Prss=0.75 5.063065298 47.27842886 25.64026797 40.71708223

r=5 m=2,k=10 m=3,k=15 m=4,k=20 m=5,k=25
MOM & LPR Pres =0.25 3.081517979 5.066695671 3.676639827 4.322041795
MLE & LPR Pgrss=0.25 3.089373086 5.06586001 3.67284517 4.334577723
MOM & LPR Prss = 0.50 2.225527765 22.94889871 23.22915932 21.62112914
MLE & LPR Prss=0.50 2.226000338 22.96821049 23.25431716 21.65576338
MOM & LPR Pres=0.75 7.401329557 61.04156589 61.22146396 55.01398976
MLE & LPR Prss =0.75 7.400843217 60.98252949 61.2500539 54.99610974

r=7 m=2,k=14 m=3,k=21 m=4,k=28 m=5,k=35
MOM & LPR Pgrss=0.25 9.350327185 8.481033713 9.664600701 9.828317550
MLE & LPR Prss=0.25 9.314370441 8.501444501 9.677066038 9.871335973
MOM & LPR Prss=0.50 3.896041410 37.03106475 31.81991703 44.73795452
MLE & LPR Pres=0.50 3.899763472 37.01806995 31.86743149 44.7348804
MOM & LPR Pres=0.75 1.386600932 108.5673353 85.88318018 146.7357995
MLE & LPR Pgrss =0.75 1.385961876 108.5636544 85.8482365 146.9243931

Kernel / Epanechikov

r=3 m=2,k=6 m=3,k=9 m=4,k=12 m=5,k=15
MOM & LPR Prgss=0.25 1.012059090 1.408594426 1.716100684 1.326686852
MLE & LPR Pprgs=0.25 1.013632592 1.406345891 1.717564203 1.328613199
MOM & LPR Pres=0.50 8.620434815 8.554989917 8.456819846 8.24706609
MLE & LPR Prss =0.50 8.622808771 8.544960886 8.445598208 8.252644556
MOM & LPR Pgrss=0.75 5.517384663 47.42853921 33.52502062 25.49415595
MLE & LPR Prss = 0.75 5.516610895 47.4270094 33.53015203 25.47566302

r=5 m=2,k=10 m=3, k=15 m=4,k=20 m=5,k=25
MOM & LPR Pprgs=0.25 3.561232678 4.385218429 5.910724402 4.978331956
MLE & LPR Pres=0.25 3.570310627 4.384495166 5.904623949 4.992771429
MOM & LPR Pgrss = 0.50 2.360911893 24.35167501 23.85938013 21.84837033
MLE & LPR Pgrss =0.50 2.361413214 24.37216724 23.88522051 21.88336858
MOM & LPR Prss =0.75 1.385402937 95.95917942 52.62949429 53.18112657
MLE & LPR Pprss = 0.75 1.385311902 95.86637242 52.65407185 53.16384225

r=7 m=2,k=14 m=3,k=21 m=4,k=28 m=5,k=35
MOM & LPR Pres=0.25 7.578423631 9.874006138 9.372102845 7.796579219
MLE & LPR Pres=0.25 7.549280754 9.897769309 9.384190921 7.830704748
MOM & LPR Pgrss =0.50 4.566728578 33.27649772 41.39732994 38.54676471
MLE & LPR Prss=0.50 4.571091377 33.26482046 41.45914569 38.54411601
MOM & LPR Prss=0.75 1.328531874 1544991877 143.8662039 90.59330149
MLE & LPR Prss=0.75 1.327919581 154.4939494 143.8076684 90.7097374

Kernel / Normal

Table 2.2: The Relative Efficiency (RE) Of the Method Of Moment And MLE To LPR Of MRSS ODD

r=3 m=3,k=9 | m=5k=15 |m=7,k=21 | m=9,k=27
MOM & LPR | Pypss, =0.25 | 1.415389188 1.527881494 | 1402094949 | 1.406503243
MLE & LPR Pyrss,= 0.25 1.414098151 1.531513881 1.405189967 1.412945634
MOM & LPR | Pypgss, =0.50 | 8226359101 8.515932716 | 7.231069192 | 7.052961598
MLE & LPR | Pypss, =0.50 | 8.222205855 8.499512922 | 7.225271195 7.053201262
MOM & LPR | Pypss,=0.75 | 4.664795944 27.80029136 | 2526318726 | 26.65122506
MLE & LPR | Pygss, =0.75 | 4.662367272 | 27.79661329 | 2527047898 | 26.64191247

r=5 m=3,k=15 | m=5k=25 | m=7,k=35 | m=9,k=45
MOM & LPR | Pypss, =0.25 | 4.458475947 | 4.336927959 | 4.756751253 | 4.901259415
MLE & LPR | Pypss,=0.25 | 4.466569344 | 4.335760058 4.73894657 4.898157221
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MOM & LPR | Pypss, =0.50 | 3.088215710 24.9128672 21.95669351 25.34578294
MLE & LPR | Pypss, =0.50 | 3.088062861 24.93722305 21.95971501 2532617144
MOM & LPR | Pygss,=0.75 | 9.552986366 59.23718671 72.01075818 62.79158109
MLE & LPR | Pygss, =0.75 | 9.559189622 59.21191988 72.07851325 62.82913636
r=7 m=3,k=21 m=5,k=35 m=7,k=49 m=9,k=63
MOM & LPR | Pypss, =025 | 7.326612388 1149452979 | 9.720133663 | 8.919277964
MLE & LPR | Pypss,=0.25 | 1.322835909 11.41768038 | 9.745375456 | 8.955212783
MOM & LPR | Pygss, =0.50 | 5287188996 47.05310094 47.58948973 49.52667836
MLE & LPR | Pygss, =0.50 | 5.287012619 46.91815183 47.52536847 49.5257712
MOM & LPR | Pypss,=0.75 | 1.145476679 148.3637927 95.61809737 99.81082903
MLE & LPR | Pygss, =0.75 | 1.144674214 148.3842194 95.57852163 99.64525508
Kernel / Epanechikov
r=3 m=3,k=9 m=5k=15 |m=7,k=21 | m=9,k=27
MOM & LPR | Pypss, =0.25 | 1.149410868 1.614515338 1.843264641 1.747199133
MLE & LPR Pyrss,=0.25 | 1.148362441 1.618353688 1.847333509 1.755202058
MOM & LPR | Pygss, =0.50 | 8979216413 8.249211862 6.078342982 8.132878988
MLE & LPR | Pygss, =0.50 | 8.974683071 8.233306339 6.073469261 8.133155348
MOM & LPR | Pygss,=0.75 | 3.294042012 | 26.82358148 | 28.29655331 | 28.27585839
MLE & LPR | Pygss, =0.75 | 3.292327007 26.82003263 28.30472056 28.26597812
r=5 m=3,k=15 m=5,k=25 m=7,k=35 m=9,k=45
MOM & LPR | Pypss, =0.25 | 4345040051 5.268698317 4.586477365 5.407750805
MLE & LPR Pyrss,=0.25 | 4.352927529 5.267279497 4.569310023 5.404328033
MOM & LPR | Pypss, =0.50 | 2.323389334 26.0140591 17.9700734 24.7286995
MLE & LPR | Pygss, =0.50 | 2323274339 26.03949151 17.9725463 24.70956546
MOM & LPR | Pygss,=0.75 | 9.146669779 99.17496908 59.22260449 55.85200401
MLE & LPR | Pygss, =0.75 | 9.152609192 99.13266732 59.27832716 55.88540876
r=7 m=3,k=21 m=5,k=35 m=7,k=49 m=9,k=63
MOM & LPR | Pypss, =0.25 | 8.833738122 8.007998814 | 7.418449251 8.355552021
MLE & LPR Pyrss,=0.25 | 8.842005986 7.954459438 7.437713899 8.389215649
MOM & LPR | Pypss, =0.50 | 3.907380366 43.30962142 32.17081358 36.2482038
MLE & LPR | Pygss,=0.50 | 3.907250019 43.18540868 32.12746718 36.24753986
MOM & LPR | Pygss,=0.75 | 1.105891296 114.7249474 109.1196595 80.67786555
MLE & LPR | Pypss, =0.75 | 1.105116564 114.7407427 109.0744956 80.54403085

Table 2.3: The Relative Efficiency (RE)

Kernel / Normal

Of the Method Of Moment And MLE To LPR based on MRSS EVEN

r=3 m=2,k=6 m=4,k=12 m=6,k=18 m=38, k=24
MOM & LPR | Pypss, =025 | 1.121467811 1.213447261 1764840428 1.297525781
MLE & LPR | Pygss, =0.25 | 1.124377986 1.211776704 1770773642 1.297350721
MOM & LPR | Pypss, =0.50 | 9.008062404 8.634465465 9.953317382 7.173374769
MLE & LPR | Pypss, =0.50 | 9.009959571 8.638287367 9.958276137 7.185803392
MOM & LPR | Pypgs, =0.75 | 5533058407 452334261 29.71497231 28.20200581
MLE & LPR | Pypss, =0.75 | 5534016162 | 4528242039 | 29.74194806 | 28.18686013

r=5 m=2,k=10 m=4,k=20 m=6,k=230 m=38, k=40
MOM & LPR | Pypss, =0.25 | 3217770418 | 4.952221099 | 4.012744473 3.795039898
MLE & LPR | Pypss, =0.25 | 3.225021571 4.94776637 4.016705337 | 3.786597522
MOM & LPR | Pygss, =0.50 | 2979935512 | 22.41561938 28.1837648 27.35911443
MLE & LPR | Pygss, =0.50 | 2980518944 | 22.41636834 28.1842429 27.38291505
MOM & LPR | Pypss, =0.75 | 9.897176145 64.53177045 70.13118147 49.04326917
MLE & LPR | Pypss, =0.75 | 9.894483270 64.54179052 70.10334207 49.09162196

r=7 m=2,k=14 m=4,k=28 m=6,k=42 m=8§, k=56
MOM & LPR | Pygss, =0.25 | 7.653310002 10.89775215 | 9.644330466 8.469671982
MLE & LPR | Pypgs, =025 | 7.665166066 10.89591333 | 9.640288035 8.519949004
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MOM & LPR | Pypss, =0.50 | 4383895869 43.43432917 34.10624707 57.80866613
MLE & LPR | Pypss, =0.50 | 4.379929010 | 43.36149957 | 34.12770176 | 57.71607135
MOM & LPR | Pypss, =0.75 | 1.733270932 133.91933 112.9850412 106.2509198
MLE & LPR | Pypss, =0.75 | 1.734050677 133.9057005 113.0363767 106.5025735
Kernel / Epanechikov

r=3 m=2,k=6 | m=4,k=12 | m=6,k=18 | m=8,k=24
MOM & LPR | Pypss, =0.25 | 1.170616528 1.100857921 1505264215 1.386770018
MLE & LPR | Pygss, =025 | 1.173654243 1.099342366 1.510324759 1386582918
MOM & LPR | Pypss, =0.50 | 8.863753821 10.54768947 10.07144394 | 7.162634295
MLE & LPR | Pypss, =0.50 | 8865620595 10.55235823 10.07646155 7.175044309
MOM & LPR | Pypss, =0.75 | 5374192759 | 34.28867356 | 29.35597232 | 22.22237951
MLE & LPR | Pypss, =0.75 | 5375123014 34.32581311 29.38262217 22.21044514

r=5 m=2,k=10 | m=4,k=20 | m=6,k=30 | m=8,k=40
MOM & LPR | Pygss, =0.25 | 3.560603837 4.48282386 4.738023875 | 3.865256086
MLE & LPR | Pypss, =0.25 | 3.568627556 | 4.478791373 | 4.742700642 | 3.856657508
MOM & LPR | Pypss, =0.50 | 1.912071150 | 23.45475428 | 29.29782511 28.34515203
MLE & LPR | Pypss, =0.50 | 1.912445509 | 23.45553796 | 29.29832211 28.36981044
MOM & LPR | Pypss, =0.75 | 1.354878769 | 61.82682567 | 83.52995952 | 55.25257732
MLE & LPR | Pypss, =0.75 | 1354510127 | 61.83642573 | 83.49680131 55.30705199

r=7 m=2,k=14 m=4,k=28 m=6,k=42 m=38, k=156
MOM & LPR | Pygss, =0.25 | 7572425265 7.376059306 11.25482628 7.950999739
MLE & LPR | Pygss, =0.25 | 7.584156027 | 7.374814719 11.2501088 7.998197858
MOM & LPR | Pypss, =0.50 | 3.679574828 | 46.75234031 45.20458505 38.96374121
MLE & LPR | Pygss, =0.50 | 3.676245288 | 46.67394715 452330212 38.9013312
MOM & LPR | Pygss, =0.75 | 1.494407568 117.0210791 109.2393765 105.1210118
MLE & LPR | Pygss, =0.75 | 1.495079855 117.0091694 109.2890101 105.3699893

The next five steps are a description and explanation of relative efficiency RE tables :

1- LPR was more efficient than the method of moment and maximum likelihood at the same set size and cycles for estimating
CDF.

2- In different kernels, LPR remains more efficient.

3- By increasing the number of cycles, which is r, the efficiency of LPR will increase.

4- Evidently, using LPR significantly improves the behavior of the method of moment and MLE. It is apparent that all the
proposed procedures based on LPR can be the best choice.

5- The relative efficiency in the case of MRSS odd, even has a higher efficiency result with the LPR method compared to the
RSS.

5.2 Conclusion

This article is concerned with estimating the cumulative distribution function CDF based on the local polynomial regression
LPR depending on RSS and MRSS. A new CDF estimator depends on LPR is derived. The resulting proposed estimator is used
to introduce three ways of estimating CDF (the method of moments, the maximum likelihood method, and LPR), based on RSS
and MRSS. The method of moments and the maximum likelihood method based on RSS were suggested by Al-Saleh and Ahmad
(2019). In this study we get the same result of CDF estimate for the method of moments and the maximum likelihood method,
CDF estimator based on LPR can have some advantages over their competitors for fixed or non-fixed samples; on the empirical
side, we use kernel (normal, epanechikov) with bandwidth (0.1, 0.2, ..., 0.9) and three levels of degree of kernel, We have
concluded that kernel epanechikov is a little better than normal, with bandwidth 0.8 giving the best result. Compared to the
others, bandwidth and degree 2 are also like that. We have concluded that CDF of LPR based on MRSS is better than CDF of
LPR based on RSS because the data in MRSS is stable and is less prone to ranking errors for fixed or non-fixed samples.
Depending on the relative efficiency, we get that there is no big difference between both kernels, nonetheless we conclude that
relative efficiency depends on whether the MRSS is better than the RSS and has more efficiency. We recommend using LPR
based on estimators.
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Fig. 1: The mean square error and bias of CDF based on RSS with. P = 0.25.
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Fig. 2: The mean square error and bias of CDF based on RSS with.m = 5,r = 3,k = 15
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Fig. 3: The mean square error and bias of CDF based on MRSS ODD with.m =5,P =0.5.
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Fig. 6: The mean square error and bias of CDF based on MRSS EVEN with.m = 8,;r =7,k =56
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