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1. Introduction

Regression modeling is a widely applied strategy for studying several real data problems. In the linear regression model, the
response variable is considered as continuous and reasonably assumed to follow the normal distribution. In linear
regression models, it is assumed that the correlations among the explanatory variables are not high (Alheety and Kibria,
2014,Alkhamisi and Shukur, 2007,Dorugade, 2014). However, this assumption is not always held in practice. In the linear
regression model, the ordinary least squares (OLS) estimator is the best estimator among all linear and unbiased estimators.
However, under multicollinearity, the OLS estimator becomes unhelpful due to its large variance. The ridge estimator (RE)
(Hoerl and Kennard, 1970) has been consistently demonstrated to be an alternative to the OLS when multicollinearity
exists. The RE can shrink all the regression coefficients toward zero to reduce the large variance (Asar and Geng,
2015,Algamal, 2018). The generalized ridge estimator (GRE) has also been considered as a generalization of the RE. The
performance of the GRE fully depends on the values of the shrinkage parameter matrix. Accordingly, appropriate choosing
the shrinkage parameter matrix is an important part of applying the GRE. Numerous approaches are available in the
literature for estimating the shrinkage parameter (Khalaf and Shukur, 2005,Allen, 1974,Muniz and Kibria, 2009,Kibria,
2003,Hamed et al., 2013,Alkhamisi et al., 2006,Hefnawy and Farag, 2014). In recent years, numerous nature-inspired
algorithms have been successfully introduced and applied as random search strategies for solving a number of optimization
problems. The Particle swarm optimization algorithm is a comparatively recent population-based algorithm that is inspired
by swarm intelligence. In this paper, the particle swarm optimization algorithm is proposed to estimate the values of the
shrinkage parameter matrix in the GRE. Our proposed approach will efficiently help to find the best values with high
prediction accuracy. The superiority of our proposed approach in different simulated examples and a real data application is
proved.
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2. Generalized ridge estimator

Suppose that we have a data set {(y,,x; )}, where y. €[] is a response variable and x, = (x,,,x X;,) €[l P represents

i1t
a p-dimensional explanatory variable vector. Without loss of generality, it is assumed that the response variable is centered
and the explanatory variables are standardized.

Consider the following linear regression model,

y = Xp e, (1)
where Y is an N x1 vector of observations of the response variable, X = (Xl, ey Xp) isan N X P known design matrix
of explanatory variables, p = (ﬂl, e ,Bp) isa P x1 vector of unknown regression coefficients, and £ is an N x1 vector
of random errors with mean 0 and variance o Using the OLS method, the parameter estimation of Eq. (1) is given by

N TyvylwT

Bos =X X)"Xy. 2
The OLS estimator is unbiased and has minimum variance among all linear unbiased estimators. However, in the presence

of multicollinearity, the XX matrix is nearly singular, which makes the OLS estimator unstable due to the large variance.
To reduce the effects of the multicollinearity, the RE (Hoerl and Kennard, 1970), which is the most commonly used

method, adds a positive shrinkage parameter, K , to the main diagonal of the XTX matrix. The RE is defined as
Boe = (X'X+k DXy, 3

where | is the identity matrix with dimension P x P . The estimator .. is biased but more stable and has less mean
square error. The shrinkage parameter, Kk , controls the shrinkage of f toward zero. The OLS estimator can be considered

as a special estimator from the RE withk = 0. For a large value of k , the RE yields greater shrinkage approaching zero
(Yang and Emura, 2017). Rewriting Eq. (1) as the canonical form introduced by [4] , we obtain

y=Za+g Q)
where Z=XW, W isa px P matrix such that z'z = w™X"xw will imply Z'Z = A =diag (4, 4, ....., A,) where
A is a diagonal matrix with the Eigen values of X" X and a = W' . Then, the OLS estimator of @ is given by

a.= A'Zy. ©)

Therefore the OLS estimator of f is

A

p=Wa,.

The RE estimator given in Eq (3) is rewritten by as (Hoerl and Kennard, 1970)(
0 _ AT _ A-lgT
Bee =(A+KkD"Z'y=A"Z'y
where A= A+Kk T,

Related to Eq. (3) and Eq.(5), the mean square error (MSE) is

2

n P A a
MSE (Bye ) =67 ke ! ®
(Pre) =0 (4 +k) éu- +k)?

]
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The GRE is suggested by [4] to generalize the ridge estimator. Several researchers deal with the GRE (Loesgen,
1990, Trenkler and Toutenburg, 1990,0htani, 1995). The difference between the RE and the GRE is that there are P

values of K for the GRE estimator such that (Hoerl and Kennard, 1970)
Bere =(A+K)'ZTy=B'Z"y )

where K =diag (k,k,,....k ) and B=A+K. The MSE of the GRE estimator, which is less than when using the
RE and OLS, is

. p A p 2
MSE(BGRE):&Z —J2+ka Lz 10
L k)G k)

yy aOLS Zy
n- p-

Since the ridge parameter is the key to reducing the multicollinearity, there are several ways to determine this value.
Researchers suggest several ways to choose the optimal k, such as (Hocking et al., 1976) (HK), (Nomura, 1988) (N),
(Troskie and Chalton, 1996) (TC), (Firinguetti, 1999) (F), (Alkhamisi and Shukur, 2007) (HSL), (Batah et al., 2008) (SB),
(Al-Hassan, 2010) (AH), (Dorugade and Kashid, 2010) (DK), (Mansson et al., 2010) (M), (Dorugade, 2014) (D), (Asar et
al., 2014) (AS) and (Bhat and Raju, 2017) (SV1,SV2). These methods can be defined as:

where &7 = (Hoerl and Kennard, 1970).

[N

K 2
J
(11)
K o) ;—{1+[1+k (B 16" ]|
]
(12)
~ kj&Z
kj(FC) ijf+&2
(13)
o ke
"k B+ (- )6t
(14)
Y e Z, LK ,3 )? (15)
iHsL) T TS o R
(ZJ L ,3 )?
. ZJ L (k; B 1 (16)
iaH) =9 T L Aave T
(ZJ L (k; B A
AJ(D) kn:;sz
(7)
. k6 1 (18)
e e
~ B ps* 1 (19)
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A2
~ po 1
k. =—+ ~
j(8VY ﬂjz /IMaX ﬁJZ
(20)
I(AJ' ©va) = piz +;2
ﬂj 2(\}]’Max /A‘Min)
(21)
. (22)
Kjm) = : 52
ﬂ'Maxﬁj
(N =p)S" + Ay B
~2
A o 1
J(AS) N2
S

3. The proposed methods

The efficiency of the ridge regression model strongly depends on appropriately choosing the shrinkage parameter. A choice
of shrinkage parameter that is too small leads to overfitting the GRE, while a shrinkage parameter that is too large shrinks

B by too much, making a bias-variance tradeoff. Particle swarm optimization (PSO) is a nature- inspired metaheuristic
algorithm that was originally proposed by Kennedy and Eberhart (1995) for solving continuous optimization problems.

PSO is inspired by the social or collective behavior of animals such as bird flocking and fish schooling. PSO, when
compared with other computation intelligence-based algorithms, has several advantages, such as simple implementation,
computationally higher efficiency, fewer parameters to tune, scalability and flexibility, robustness. For instance, compared
with the genetic algorithm, there is no crossover and mutation genetic operation (Chen et al., 2014,Kiran, 2017,Lin et al.,
2008,Lu et al., 2009,Zhou and Dickerson, 2014).

PSO performs the searching using a population, which is called swarm, of particles. Each particle has three features:
(1) position, (2) velocity, and (3) fitness value. In PSO, each particle can be represented as a candidate solution (position) in
the search space. The particles fly through the search space by their own efforts and in cooperation with other particles, and
they follow the best solutions they have achieved (local best solutions), as well as tracking the best solutions that they
found (the best global solution) (Cervantes et al., 2017,Lai et al., 2016,Mirjalili and Lewis, 2013,Wen et al., 2011).
Mathematically, the search space is assumed to be D-dimensional and there are m particles in the swarm where

d =1, 2...,D . During the movement, each particle has a position vector K ; = {kl, Ky,...,K p} with a velocity vector
vV, = {V k1Y k2re-V g } . In the PSO algorithm, the best position, which gives the best fitness value for the particle K , is
called best previous position and is denoted as Pbest, = {Pbest,,, Pbest,,,..., Pbest, } . The best position found by
all particles is called the global best, which is denoted as Gbest, ={Gbest, ,,Gbest, ,,...,Gbest,, } . In each iteration,

the PSO algorithm searches for the optimal solution by updating the position and the velocity of the K i particle according
to the following two equations:
t+1l

Vigh =2 %V, +C,x 1 x (Pbesty, =X, )+C, T, x (Ghesty, —x, ), (24)

t+1 t t+1
Xig =Xpg Vg s (25)

where T denotes the iteration in the algorithm, and z is the inertia weight which is used to balance between the global
search and the local search. In addition, C, (the cognition learning factor) and C, (social learning factor) are the

acceleration coefficients. I, and I, are random values selected from a uniform distribution with (0,1). In this paper, a PSO

algorithm is proposed to determine the shrinkage parameter matrix. The proposed method will efficiently help to reduce the
MSE. The parameter configurations for our proposed method are presented as follows.
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1-  The number of particles, m , is set to 50, and the number of iterations is t,., =100 . The acceleration coefficients C,

and C, are set within the range [2, 4]. The C;, and C, are updated during the iteration according to the following

equations:
t 26
Cl :Cl‘min + t_(Cl‘max _Cl,min)’ ( )
t
CZ =C2,min + t_(cz,max _Cz,min)' (27)

max

Further, the minimum and maximum values for the inertial weight are Z ;, =0.2 and Z,,, =0.9. The inertial weight is

updated according to the following equation:

z :Zmax_tt_(zmax_zmin)' (28)

max

2- The positions of each particle are randomly determined. The position of a particle represents the shrinkage parameters,
kj . Here, the dimension of each particle is the number of explanatory variables. The initial positions of the particles

are generated from a uniform distribution within the range [0,100].
3- The initial velocities of each particle are generated from a uniform distribution within the range [0, 4].
4-  The fitness function which is the MSE as indicated in Eq (10) is calculated.
5- The velocities and positions are updated using Eg. (22) and Eq. (23), respectively.

6- Steps 4 and 5 are repeated until a t,,, is reached.

4. Monte Carlo simulation results

In this section, a comprehensive simulation study was conducted to evaluate the performance of the proposed methods
(Alheety and Kibria, 2014,Alkhamisi and Shukur, 2007,Hoerl and Kennard, 1970,Yang and Emura, 2017,Hocking, Speed
and Lynn, 1976,Troskie and Chalton, 1996,Firinguetti, 1999,Batah, Ramanathan and Gore, 2008,Al-Hassan,
2010,Dorugade and Kashid, 2010,Mansson, Shukur and Golam Kibria, 2010, Asar, Karaibrahimoglu and Geng, 2014,Bhat
and Raju, 2017,Bhat et al., 2016,Bhat, 2016,Hocking, 1976). Following McDonald and Galarneau (1975), the explanatory
variables with different degrees of multicollinearity are generated by

_ 2411 s s
Xy =@-p )W, +ow,, i =120, j=12..p, (29)
where p2 represents the correlation between the explanatory variables, and W ; are independent standard normal pseudo-

random numbers. The response variable is generated by

Vi =5+ BXi +ot BXg, + &, (30)
where &; are independent and identically normal distributed pseudo-random numbers with zero mean and variance o’
Because the sample size has direct impact on the prediction accuracy, three representative values of the sample size are
considered: 30, 50 and 150. In addition, the number of explanatory variables is considered as p €{4,8,12}. Further,
because we are interested in the effect of multicollinearity, in which the degrees of correlation are considered more
important, three values of the pairwise correlation are considered with p ={0.90,0.95,0.99} . Besides, the value of &°
is 1.

For a combination of these different values of N, P, o, the generated data are repeated 5000 times and the averaged mean

squared errors (MSE) is calculated as
5000

MSE (B) = (31)
B)= 5OOOZ(B B)' (B-B).

where ﬁ is the ridge estimator obtained by the method. In addition, the bias is calculated as

bias =p-p (32)
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MSE and bias values from the Monte Carlo simulation study are reported in Tables 1 — 3. Several results can be

obtained as follows:

1- The simulation results indicate that the PSO method of selecting K is superior to the other used selection methods for
all combinations of N,P, and p in terms of MSE. We can see that the PSO method has smaller MSE and
significantly lower MSE than others.

2- It is seen from Tables 1 — 3 that the P, estimator using the PSO method is usually more efficient than the OLS
estimator for all values of N, P and when multicollinearity is high or severe.

3- Interms of p values, there is an increase in the MSE values when the correlation degree increases regardless of the
valueof N and p .

4- Regarding the number of explanatory variables, it is easily seen that there is a negative impact of MSE, where there is
an increase in their values when the p increases from four explanatory variables to twelve explanatory variables.

5-  With respect to the value of n , the MSE values decrease when n increases, regardless of the value of pand p .

6- All the selection methods of K are superior to the OLS estimator in terms of MSE.

7- According to the bias results, it was clearly seen that the proposed methods yielded smallest bias among the other
estimating methods.

Table 1: Average MSE when n=30

OLS | PSO | MK | KN | TC f | HSL | AH D | S8 | DK | SVI | svi | AS M—=]
~0.90 1 829 081 0914 095} ) B89 R 087 ) 87 0844 0889 0914 0918 0934 0916 0891
"" 095 |w;hl||‘\‘¢.uq'-,. |¢|5,. ) 958 w2l ) 951 ) 952 09l 0958 0977 '; 101 1001 | 0988 0973
099 | §88 1 08l 1 094 1 0us4 | ) 92 ) 914 094 ) 94) 0916 0925 0.94) .nw.: 094) qu"] 095"
= | =090 | 2702 | 0627 | O84) | 0Gi4 | 078 ) 73 ) 51 | DYV | 078 084 10016 | 04Gi6 | 084s 0794
8| 1095 ' 0.710 | 0849 | 0908 | 0784 0,74 | 0.756 ) 786 0741 0784 D848 10018 | 0918 | 0 #oe 0 80
rah 99 ' 751 | 0 'H. o8N 1 v;;'u‘ 0824 ya ) 04 0 804 0 0854 0571 .n‘;l', 093% I""-"‘ 088
= | ¢w090 | 593 | 0612107941 09 | 0702 630 00644 | 00644 | D63 | 0702 | 0793 10911 1 0911 | 0801 01
p’-l! =098 1 6) 'nr\‘r.‘w ) | 0S8 | ) 713 ) 650 07 ) ') 006 0713 0.794 ‘nﬂ: o9 I 0s) 0.74)
=099 161 A 0 651 ‘ 0792 . 0% ‘ ). 709 642 on 501 D.6%8 on 0791 :“’u. 0 90" .w.w.-‘ 08N
Table 3: Average MSE when n=150
| PsO HEK KN TC f HSL AH D 5B DK SV1 SV2 AS M
=0.90 0.0183 0.0081 | 0.0092 | 0.0096 | 0.00%0 | 0.00%5 | 0.008% | O.00B% | 0.0085 | 00089 | 0.0092| 0.0094 | 0.0084 | 0.0092
p=t —0.95 0.0191 00083 | 00098 | 0.0101 | 0.0096 | 0.0093 | 0.0093 | 0.0095 | 0.0093 | 0.0096 | 0.0092| 0.01 0.01 0.0099
—0.99 0.0189 00081 | 0.0004 | 0.0096 [ 0.0093 | 0.0092 | 0.0094 | 0.0094 | 0.0092 | 0.0093 | 0.0094| 0.009¢ | 0.0096 | 0.0097
=0.90 0.027 00063 | 0.0084 | 0.0092 [ 00078 | 00073 | 0.0073 | 0.0073 | 0.0074 | 00078 | 0.0084| 00092 | 00092 | 0.0083
P8 =005 0.0272 00071 | 0.0085 | 0.0091 [ 00079 | 00074 | 0.0079 | 0.0079 | 0.0074 | 00079 | 0.0085| 00092 | 00092 | 0.0087
=0.99 0.0273 0.0074 | 0.0087 | 0.009 | 0.0083 | 0.008 | 0.0087 | 0.0087 | 0.0079 | 0.0083 | 0.0087| 0.0093 | 0.0093 | 0.0093
=0.90 0.036 0.0061 | 0.008 | 0008 (0007 | 00062 00065 | 0.0065 | 0.0064 | 0.007 0.0079( 0.0091 | 00091 | D.008
12 | =095 0.0364 00063 | 0.008 | 0.0087 [ 0.0072 | 0.0066 | 0.0071 | 0.0071 | 0.0066 | 0.0072 | 0.00% | 0.0091 | 00091 | 0.0082
=0.00 0.0362 00068 | 0.0079 | 0.0084 | 0.0071 | 0.0064 | 0.008 0008 | 0007 | 00071 | 0.0079) 0.0091 | 0.0091 | 0.0051
Table 4: Average bias when n=30
OLS P3O HK EN TC f HSL AH D SB DK sV1 SV2 AS M
r=0.90 1942 | 0913 1.008 1034 | 0984 0943 | 0946 0946 0052 | 0984 1.008 1.022 1.022 1.008 0.991
4 r=0.95 1082 0923 1013 1.029 1 0983 0.994 0.994 0087 1.001 1.013 1.022 1022 1.013 1.006
r=0.99 1967 | 09359 0083 0988 | 0978 0971 | 0983 0.983 0971 0978 0083 0087 | 0987 0.983 0981
r=0.90 2048 | 0.848 0008 1032 | 0975 0048 | 0957 0957 0053 0973 0008 1.021 1021 0.008 05978
P8 r=0.95 2939 | 0871 0971 1.003 0933 0.94 0.951 0951 0942 | 0935 0971 0994 | 0994 0971 0936
r=0.99 2946 | 0875 0974 0980 | 0961 0951 | 0975 0975 095 0.961 0974 0.991 0.591 0978 0.967
r=0.90 3922 | 0.384 0973 1.022 | 0944 0922 | 0933 0.933 0924 | 0944 0974 1.012 1.012 0.973 0.944
p12 | =095 3925 | 0917 0971 1.009 | 0946 0926 | 0042 0942 0927 | 0948 0971 1.003 1.003 0972 0947
r=0.99 3913 0927 0951 0974 | 0929 0916 | 0.947 0.947 0916 | 0929 0951 0981 0988 0.956 0.937
Table 5: Average bias when n=50
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PSO HK KN TC f HSL AH D SB DK 5V1 5V2 AS M
r=0.90 [ 0.0193 | 0.0091 | 0.0101 | 0.0105 | 0.0098 | 0.0093 | 0.0095 | 0.0095 | 0.0094 | 0.0098 | 0.0101 | 0.0103 | 0.0103 | 0.0101
=4 r=0.95 | 0.0194 | 0.0093 | 0.01 0.0102 | 0.0098 | 0.0095 | 0.0097 | 0.0097 | 0.0093 | 0.009% | 0.01 0.0102 | 0.0102 | 0.01
r=0.99 | 0.0192 | 0.0093 | 0.0096 | 0.0097 | 0.0095 | 0.0094 | 0.0096 | 0.0096 | 0.0094 | 0.0095 | 0.0096 | 0.0097 | 0.0097 | 0.0097
r=0.90 | 0.0283 | 0.0073 | 0.0093 | 0.0101 | 0.008% | 0.0083 | 0.0084 | 0.0084 | 0.0084 | 0.0088 | 0.0093 | 0.0099 | 0.0099 | 0.0093
=8 r=0.95 | 0.0284 | 0.0076 | 0.0093 | 0.0097 | 0.0089 | 0.0085 | 0.0087 | 0.0087 | 0.0085 | 0.008% | 0.0092 | 0.0097 | 0.0097 | 0.0093
r=0.99 | 0.0282 | 0.0076 | 0.0091 | 0.0093 | 0.0087 | 0.0085] 0.0089 | 0.0089 | 0.0083 | 0.0087 | 0.0091 | 0.0095 | 0.0095 | 0.0093
r=0.90 | 0.0377 | 0.0071 | 0.009 | 0.0098 | 0.0083 | 0.0078 | 0.008 0.008 | 0.0079 | 0.0083 | 0.00%9 | 0.0098 | 0.0098 | 0.009
p=12 r=0.95 | 0.0377 | 0.0072 | 0.0089 | 0.0096 | 0.0083 | 0.0079 | 0.0082 | 0.0082 | 0.0078 | 0.0083 | 0.0089 | 0.0097 [ 0.0097 | 0.009
r=0.99 | 0.0376 | 0.0074 | 0.00%6 | 0.009 | 0.0081 | 0.0077 ) 0.0086 | 0.0086 | 0.007% | 0.0081 | 0.0086 | 0.0094 | 0.0094 | 0.0091

Table 6: Average bias when n=150

PsO HK KN LS f HAL AH D 5B DK V1 5\v2 AN M
090 00194 1 00002100101 00104 | 00000 | 00095 00003 00003 | 00093 | 00060 00101100102 00102100101
pe o098 00194 | 00093 | 00102 | 0,010 [ 0.01 0.0000 0,01 0.01 0.0000 [ 001 00102100102 | 0010200102
v=0.00 00197 1 00096 | 00000 | 00000 | 00098 | 00097 | 00000 | 00099 | 00097 [ 0.0008 00009 [ 00000 | 00099 [ 0.0000

10,90 002058 00085 | 0.01 00103 | 00098 00093 | 00096 00006 | 00006 | 00098 001 00102 001021 001
pe 0.8 00204 | 00087 | 00007 | 00101 | 0.0006 | 0.0004 | 00005 | 00095 | 00004 [ 00006 00007 001 0.01 0.0097
10,00 00203 | 00088 | 00008 [ 00000 | 00006 | 00095 | 00098 | 00008 | 00003 [ 00006 00008 00000 | 00090 00008
=090 003190 00089 | 00008 00102 | 0000% 000021 00004 00004 | DO0OGY 00005 00098 | 00101 00101 | 00008
pe12 =098 00303 | 00002 | 0.000 00101 1 00005 | 00003 [ 00094 [ 00004 [ DOO9I | 00005 D007 00101 | 00101 | 00007
=) 90 00392 | 0.0003 [ 0.0005 | 0.0008 | 0.0003 | 0.0002 | 0.0005 | 0.0005 | 0.0002 | 0.0003 0.0005 | 0.0008 | 00000 0.0096

Real application results

To evaluate the predictive performance of the proposed method and to compare its performance with the other methods
used in a real data application, the Portland cement dataset is employed. The Portland cement dataset became a standard
dataset to examine and to remedy multicollinearity (Woods et al., 1932,Chen and Emura, 2017). It was widely used by
numerous researchers. This dataset comes from an experimental investigation of heat evolved during the setting and
hardening of Portland cements of varied composition and the dependence of this heat on the percentages of four compounds
in the clinkers from which the cement was produced. There are 13 observations of heat evolved in calories per gram of

cement (Y ), tricalcium aluminate (X, ), tetracalcium silicate (X, ), tetracalcium alumino ferrite (X;), and dicalcium
silicate (X ,). Before fitting the linear regression model, the explanatory variables and the response variable are
standardized. Then, eigenvalues of X X matrix are calculated with k, =26.8284, k,=18.9127, k,=2.2392, and

k, =0.0194 resulting in a condition number /k,/k, =1376.8810. Thus, multicollinearity exists. As a result, using

the RE and the GRE will be more suitable than the OLS. The predictive performance for each method used is computed

using the predicted MSE, ppmsg = (1/n)i(y_ —y,)?» and the results are given in Table 7. It is apparent from Table 4 that
i=1

there is an improvement of the predictive capability of PSO compared with the other methods used, where PSO
significantly reduces the the PMSE. The reduction of MSE using PSO was 11.350%, 10.892%, 10.625%, 10.552%,
10.007%, 10.888%, 9.842%, 11.101%, 9.842%, 11.101%, 9.843%, 10.969%, 9.945%, 10.056%, 10.431%, and 10.213%
compared with OLS, HK, KN, TC, f, HSL, AH, D, SB, DK, SV1, SV2, AS , and M, respectively.

Table 7: Real application results for the used methods

Method PMSE
oLS 9303.049
PSO 8247.127

HK 9255.305
KN 9227.561
TC 9220.055

f 9164.227
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HSL 9254.874
AH 9147.469
D 9277.002
SB 9147.553
DK 9263.284
Sv1 9157.882
Sv2 9169.254
AS 9207.598
M 9185.278

Conclusion

In this paper, a new shrinkage parameter selection of the generalized ridge estimator, which depends on employing the
particle swarm optimization algorithm, was proposed. This proposed method allows us to handle multicollinearity with
decreasing the variability of shrinkage parameter selection. Simulation and results demonstrate that the proposed method
outperformed several classical methods. Furthermore, the results proved that the proposed method is more efficient than the
method of Hoerl and Kennard (1970).
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