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Universal

{Z(x),x € D} Kriging

Universal Kriging Prediction of nonstationary Spatial
Stochastic Process

Abstract

Spatial Stochastic processes are often divided into two types that are
stationary spatial stochastic processes and other nonstationary.

In most practical applications the processes are nonstationary
Prediction of these processes are performed by universal Kriging
technique which supposes that the processes have a trend with fixed
linear or nonlinear equation.

In this work we derive the universal Kriging equations in matrixes
form which can easily be implemented by computer. Also here we
identify the variogram model and trend model.
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The application is given in example that worked out on real data. The
predicted results are very near to the real data with error of prediction is
given

Universal Kriging Prediction 1-1
Z(x;) Z(x,) Stationary Z(x)
Ordinary Kriging
Trend Z(x)
(Trend ) Drift Fluctuation
Exists E[z (X)] = u(x)
G. Matheron ( ) " Universal "
Drift 1969

Unknown Linear Combination
Huijbregts and Matheron, ):
(Delfiner,1976) (Olea,1974) : (1970
Stein, ) (Isaaks, 1989) (Davis,1986) (Delhomme,1978 (David,1977)
.(Diggle ,etal ,2003 ) (Venables, 2002) (Webster, 2001) (1999

The Form of the Drift - 2-1
Unbiased Linear Universal Kriging

Predictor

EZx=n(x) Vv xeD ()

Z(x) (1)
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(1)
Z(X)A
— u(x)
&(x)
< — X
X0
e(x) u(x) ()
- g(x) u(x)
Large- Scale M(X)
S(X) Variation
(Ripley, 1981): .Small- Scale Variation Process

.(Journel and Huijbregts, 1978)

Universal- Kriging Equations - 3-1
Winer- Kolomogrov
G. Matheron
(Davis, 2002):
Drift

) . &(x)



General Linear

(Papritz, 1999)

Domain

(@ 2, ,
(D < R?,R?) R? R?

Z(x)= f'(x)B+e(x) ,

.Exists

Cov[Z(x),Z(x+h)]=C(h)

2(%).2(6 ) Z(x,)

YV xeD
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.(Jurgen Symanzik, 2000)

: Model
Z(x)
Region-D
..(3)
R R? DX
:Z(x)
F () =[F1(x), F2()renrn fn(X)]’
r B
-&(X)
(3) f'(x)B
Z(x)
-1
(4
-(2)____
V X,x+heD ..(5
Isotropic 2y(h)
-:3)____
V X,Xx+heD ...(6)
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X1, X0 yeererenneenes X,
- (3)
Z=FB+c¢ (7)
n Z =[Z(x)on Z(x,)]
(nxr) F=[f(X)n F(x,)]
r B=[By s 8, ]
n &= [6(Xy )oorre(x,)]
Smoothing
Z(x)=q(x) 8)
(D ) Xo
-: Interpolation
Z(x) = fu(x)+&(x) .(9)
Universal Kriging
a(x)
.Known S(X)
Unknown
- e(x) u(x)
&(x) i(x) e(x) n(x)
.(Papritz, 1999) (Cressie, 1993) :
Estimation of Trend - 4-1
8(X) Unknown M(X)
Var|Z|=Var|e|=
Cov{z,]zi]z([:(]x) . } -(10)

(1)

E[Z(x)]=u(x)= f'(x)B (1)



f (X) Linear Trend Surface
f(x)=(1,u,v)

f(x)  Quadratic Surface

f(x):(l U, v, u? V2 ,uv)

Generalized least Squares i:l(X)
- (N
Z=FB+e¢
(z-FB)x (z-FB) (12)
(Wackernagel, 1998) :
p (12) B
_ B
B=AF's"'Z .(13)
A=(F> 'F)"
R(x) (BLUE)
()= 1(x)P -(14)
- (14)  (13)
w(x) = F(X)AF"s ~1Z (15)
H(x)= 112 ..(16)
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¢, =3 'FAf(x) (17
Z(x;) n ly -
.(2006 ) A
B
Var(ﬁ)z A ...(18) -
i(x)
Var(p(x))= f'(cVar(B)f (x)
= f'(x)Af (x) (19,
Linear Prediction with Known Trend -: 5-1
&(x) u(x)
(2)
- e(x)
e(x) = w(x)
w(x)=Z(x) - u(x) .(20)
- w(x)
(x) %ﬁmw(x,) .21

W(X)=5W(X)
W(X)=W'(X)/
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varfw(x)]=>  , Cov[w(x),w]=C(x) .(23)
Linear Predictor (22)

E[w(x)— W(x)]" =Var[w(x) - w(x)]

=Var[w(x)]+Var[W(x)] - 2Cov[w(x) ,W(x)]  ...24)

- 24) (23) (22)
=Var|[w(x)]+ Var[¢’,w(x)] - 2Cov[w(x), ¢’,w(x)]

=Var|[w(x)]+ ¢, var[w(x)]¢, - 2Cov{w(x), anlé 2iW(xi )} .(25)

_: 25)  (23)
=Var[w(x)]+ ¢, ¢, -2 S LiCov[w(x), w(x; )]
i—1
=Var[w(x)]+ ¢, ¢, —2¢' C(x)
E[w(x)— W(x)f =Cqyp + ¢, ¢, —2¢,C(x) ..(26)
£, (26)
>0, =C(x) ..(27)
- >toe)
(, =Y *C(x) .(28)
Non-Singular >
_: 22)  (28)

W(x)=w(x)> ~tC(x) .(29)
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W(X) Optimal Prediction

.Minimum Mean Square Error

s2W(x)=min E[w(x)-#(x)]

=Var[z(x)]- ¢,C(x)
Full Model

. (16)

E[z]=pn=Fp
f=FB
=FAF'Y "'z

(13)

(29)

.(32)
(33)
B
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..(36)

(36) (28) (31)

(33)
_ (Z _BIFI)Z —1C(X)
: B
W(x)=2'7;
W(x)= 152 -.(37)
2
- (11)
E[Z(x)]=n(x)=f'(x)B
- Z(x)

5 (%)= _%gsiz(xi ) (38)
%(X): fa2 } (39)
Z(x)=2"4

E|Z(x)]=4E[2] .(40)

_ - (40) (32)

E|Z(x)|= ¢,FB .(41)

E[Z(x)]=n(x)

05F = £'(x) (42)

- . (38)
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E[z(0)-2(x)] =var[z(x)-2(x)]

=VarnZ(x)|-2¢,C(x)+ ¢, > ¢, (43)
- (42) (43)
S =Var[Z(x)]-205C(x)+ £53 05+ 2(F'(x)— 15F )&
. A
_ lq
lo=3"'C(X)+= 'Fxr
@) Ly
X:A[f(x)—F’z‘lc(x)}
- €3 A
(4 :Z‘1C(X)+Z‘1F[A( f(x)—F’Z‘lc(x))]
=y 'c(x)+ X ‘1F[A f(x)- AF'Y ‘1C(x)]
=y lC(x)+ X PFAT(X)-3 'FAF'Y “c(x)
=Y 'FAf(x)+(1 - 'FAF")Y “'C(x)
la=0+0 5 - (44)
(=3 "tFA f(x)
= -2'FAF’)E “C(x)
- (39) (44
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Z(x)=fu(x)+W(x) ..(45)

_ B/ar(Z (x))-C'(x)% _1C(X)]+

10— F e Alf(x)- F's tex)  ...46)

(30) Var((x))  (46)
(19) Var[fu(x)]= f'(x)Af (x)
0 [f’(x)—fz F}ﬂ al0)= 1(x)
w(x)
G. Matheron GZE(z(X)) 2(X) f(x)
Kriging
Ripley,): " ' £3i
(1981
7-1
(Cressie, 1993) (2) (1)
Bauxite
Feet
(1)
Z(X;) u v
| 2.54 1 2
2 2.4 0 1
3 2.25 2 1
4 2.29 1 0
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1
4
2 3
®
4
S
1 2 3 4
1(2)
Trend
#u,v)= B, +B,u+ fov
f(xX)=(Lu,v)=F
0.0085(4—h) if h<4
C(h)=
0 if h>4
(13) )
A=(F> 'R
L= TRFDY 'z
)3
[h]

h; :\/(Ui _“1)2 +(Vi ‘Vj)2
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0 V2 V2 2
h_|¥2 0 N2 V2
V22 0 2
V2 V2 V200
[0 V2 V2 2]
> =0.00854—*/E 02 42
V2 2 0 2
L2 V2 V2 0]
0.034 0.021979 0.021979  0.017
5 0.034 0.017  0.021979
B 0.034  0.021979
0.034
Z -1
67.548 —32.87 —32.87 8.724
5 67.548 8.7241 —32.87
B 67.548 —32.87
67.548
F’ F

e \® B e T

S = = N
e — |
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z
2.54
|240
1225
2.9
4(x)
81 T 232
=5, |=-0075
g, | | 0125
;l(x) Trend
(U, V) = 2.32-0.075U+0.125V
(1,0) (2,1) (0,1) (1,2)
: (2) 2.495¢2.445¢2.295:2.245
4(%) (2)
u \ 2(x)
1 2 2.495
0 1 2.445
2 1 2.295
1 0 2.245
;z(u,v) . (8)

i(u,v)

4 3 (2)
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W(x)

2(x)

W(x)=(Z- )Y, "C(x)

() =(Z - )

u(x) =[szz(x>]

u(x)=[0.045 —0.045 —0.045 0.045]

!

S W) =u(0 Y T

dyiloslaolly cbaa¥i- sLualy I @slill golall sorisoll ailigy jali sae

Z(X)

2—1

C(x)=C(u,v)=0.0085(4—h)

h

h12
C(1.2)=0.0085 4~|

h

=0.0085| 4 -

2.5858

=0.0085| 4 -

C(,2) =

2.5858

0.034
0.0219793
0.0219793

0.017

11

13

14

0

1.4142
1.4142

4

2

2

1(X)

u(x)
- C(x)

CX)

W(x)
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W(1,2) = 0.045

-0.045 (1,0) 2,1) (0,1) W(x)
Q) 0.045.-0.045
W(x) 3)
u v W(x)
1 2 0.045
0 1 20.045
2 1 20.045
1 0 0.045
Z(x)

Z(%) = u(X)+ W(X)

(4)
:(4)
u v (%) W) | Z00 = u0+w(x)
1 2 2.495 0.045 2.54
0 1 2.445 -0.045 2.4
2 1 2.295 -0.045 2.25
1 0 2.245 0.045 2.29
Matlab
Surfer
N
Histogram

Location sample
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.Universal Kriging
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cle
clear;
7=[6.27462627361613.6343475746273626239353.5
3272626273626.1585654537.1626.16.26.1585.654
52526.060616.0595656525.13959596.05.7595.55.2
50393.858585.65.6535238393.83.757545.15.15.23.8
383.735345552393.83.83.63.63.5343452393.73.73.6
3.53.33.23.13.0];
u=[1.9;3.8;1.5;1.4;4.5;1.8;1.5;3.0;3.0;3.3;4.0;4.9;1.7;4.7;1.8;1.7;0.8;0.8;0.
8;3.2;3.0;1.7;1.5;4.5;1.7;1.5;1.3;1.1;1.2;1.4;3.2;1.6;1.8;1.8;1.8;1.1;1.5;1.3
;1.4;1.4;1.7;1.5;2.0;1.5;0.8;1.3;1.2;1.0;1.0;0.7;0.9;1.6;1.7;1.2;1.6;1.0;1.3;
1.3;0.9;0.6;1.5;1.4;1.5;1.4;1.3;1.3;0.9;0.3;0.7;0.7;1.4;1.4;1.5;1.4;1.5;0.7;0
.9;0.4;0.5;0.9;1.8;1.5;0.7;0.9;0.6;3.6;3.4;3.4;3.1;3.5;1.3;0.8;0.8;0.7;0.5;0.
6;0.9;3.4;3.2;3.1];
v=[3.7;4.3;3.7;3.9;4.4;3.8;4.0;4.0;5.1;4.9;4.5;4.2;3.5;4.0;3.4;2.9;3.1;3.3;3.
0;3.6;3.9;3.8;3.9:4.2;3.5;3.1;5.1;5.4;4.4;,4.2;3.9;3.5;3.1;3.3;2.9;5.1;4.9;5.1
:5.4:4.7;2.8;3.0;3.3;3.1;4.5;4.9;5.2;4.4;4.2;3.1;4.8;4.0;4.5;5.5;4.3;5.2;4.2;
3.9;3.7;3.6;4.9;5.2;3.9;5.2;4.0;4.3;3.8;4.8;3.3;3.7;4.2;4.0;3.9;4.4;4 .3;3.5;3
9;4.1;4.5;3.1;4.6;4.3;3.1;3.0;3.1;4.0;4.7;4.7;4.2;4.6;4.4;3.5;2.9;2.6;2.9;3.
0;3.3;4.0;3.9;2.8];
z=7';
for 1=1:100
for j=1:100
h(i.j)=sqrt((u(i)-u()) 2+(v(i)-v())"2);
end
end
% delet zeros spas%
for 1=1:99
for j=1+1:100
if h(i,j)<=0
u(j,1)=0;
v(j,1)=0;
z(j,1)=0;
end



end

end

k=0;

for 1=1:100
ifu(i) >0

k=k+1;

ul(k,1)=u(i,1);
vk, 1)=v(i,1);
21(k, 1)=z(i, 1);

end

end

%begin the program%
clear u,v,z;

clear h;

xu=ul;

xv=vl;

z=z1;
%%%%%%%
for 1=1:88

for j=1:88

h(i,j)=sqrt((xu(i)-xu()))"2+xv()-xv(j))"2);

end

end

%%%%%0%%%%%%
c0=0.2;
c=6.6;
a=4.25;
for 1=1:88
for j=1:88

if h(i,j))==0
qh(i,j)=c+c0;
elseif h(i,j)<a
qh(i,j)=c*(1-(3*h(i,j)/(2*a))+0.5*(h(i,j)/a)"3);
else
qh(i,j)=0;
end

end

end
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%%0%%%
qq0=c0+c;
for k=1:88
xul0=xu(k,1);
xv0=xv(k,1);
fg=0;
ww=gh;
for 1=1:88
ifi ~=k
fg=fg+1;
hO(fg)=sqrt((xu0-xu(i))"2+(xv0-xv(1))"2);
z11(fg,1)=z(i);
end
end
ww(:,K)=[];
ww(k,:)=[];
hOn(:,k)=h0";
Jj=ones(87,1);
wWw=Inv(ww);
clear ghO;
for 1=1:87
if h0(1)==0
qhO(1,1)=c+cO0;
elseif h(i,j)<a
ghO0(1,1)=c*(1-(3*h0(1)/(2*a))+0.5*(h0(i)/a)"3);
else
qh0(ij)=0;
end
end
qhOn(:,k)=(qho(1,:));
gh0=qgh0';
clear yy;
yy=((1-gh0™ww*j)/(j* ww*}))*(ww*j)+(ww*qh0);
yyn(:.k)y=yy;
%%6%0%0%%0%%0%0% %%
z00=yy'*z11;
z00n(k,1)=z00;
%%%%
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q92=qq0-gh0"*ww*qh0+((1-j"*ww*qh0)"2/(j'*ww*J));
qq2n(k,1)=qq2;
%% %
qqz=(gh0"*ww*qh0)+((1-("*ww*qh0)"2)/(j"*ww*}));
qqzn(k,1)=qqz;

end



