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ABSTRACT

Heavy-ion fusion reactions are important and essential to express
the dynamical properties of colliding nuclei, and to address the
tunneling effect in quantum mechanics. In the fusion process, the
ion-ion potential plays an important role in approaching the
measured cross section with the experimental value by influencing
the tunneling probability of interacting nuclei. In this work, the
fusion  cross-sections  of  closed-shell  heavy-ion  fusion
systems
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have been calculated and analyzed in the framework of coupled
channel theory, using the code CCFULL, by fixing the potential
depth value ¥,= 102.9 MeV and the fusion radius B, = 1.096 fm,
while, the diffuseness parameter (a,) of Wood--Saxon potential is
varied from 0.6 to 1.1 fm to fitting the fusion cross-section data at

energies near and below the Coulomb barrier. It was observed that
our approach is able to estimating the experimentally observed cross-
sections of closed-shell colliding nuclei.
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INTRODUCTION

Fusion is a reaction where two separate nuclei combine together to form a composite system.
When the incident energy is not so large and the system is not so light, the reaction process is
predominantly governed by quantum tunneling over the Coulomb barrier created by the strong
cancellation between the repulsive Coulomb force and the attractive nuclear interaction. According
to the developments in experimental techniques, fusion cross sections can now become measured
for heavy-ion sub-barrier fusion reactions with high accuracy.

Theoretical heavy-ion fusion is the best scenario to express the dynamical properties of
colliding nuclei and hence to result in new products such as compound nuclei, prediction of new
heavy nuclei isotopes, and synthesis of superheavy elements. Over the last few decades, the nuclear
structure served the heavy-ion fusion reactions significantly (Beckerman, 1988; Dasgupta et al.,
1998).

Coupled channels represent the approach and successful method for fusion (colliding) of two
nuclei. It is now widely accepted that coupled-channel calculations for the heavy-ion reaction at
energies close to and below the Coulomb barrier can explain the experimental results of fusion
reactions of medium-heavy mass systems, heavy mass systems, and very heavy mass systems
(Hagino and Takigawa, 2012; Back et al., 2014)

The cross-section and barrier distribution for fusion reactions of the spherical nuclei are
shown to be highly dependent on the structure of the interacting nuclei, the orientation of the two
nuclear systems, and collective excitations (rotations and surface vibrations) (Timmers et al., 1995;
Hagino and Rowley, 2004).

The theoretical study specified by prediction or reproduction of the experimental data using a
mathematical method such as either expanding or reformulating coupled channel equation, and
truncating a huge matrix element to approach the calculated result of a certain model (for example
Wong formula, cross-section equation barrier distribution equation, etc.) from the experimental one
such as cross-section and the barrier distribution (Gautam, 2015).

There are several types of nuclear potentials; the Wood-Saxon (W.S) potential is successful in
employing the heavy ion fusion. It includes coupling radius (R,), surface diffuseness (a,), and

potential constant () which is used to reproduce experimental data (Gautam, 2015). Given below

is the phenomenological W.S potential, which is adopted for the nuclear potential and often used to
characterize various types of fusing ion interactions (Hagino et al., 2005):

o
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Here r is the distance between the center of mass of the projectile nucleus with the mass
number A4, and that of the target nucleus with the mass number 4, (Newton et al., 2004;

Mukherjee et al., 2007).

In this work, the theoretical calculations are performed using the Wong formula, formulated
from the  coupled-channels  equations, for  different  fusion  reactions, i.e.,
2c, 20, 155i and S5Ca+ *2;5m. In these reactions, these different closed-shell projectile nuclei
are fused with the same target (*;35m). The calculated values of these fusions are compared with
experimental data. The calculations were implemented using the coupled channel (CCFULL) code
(Hagino et al., 1999), and by fixing the potential depth value ¥,= 102.9 MeV and the fusion radius
R, =1.096 fm. The diffuseness parameter (a,) of Wood--Saxon potential is varied from 0.6 to 1.1

fFm to fitting the fusion cross-section data at energies near and below the Coulomb barrier.
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Coupled-channel model

To calculate the effects of coupling between relative motion of projectile-target and intrinsic
degrees of freedom of them, using the set of diagonalizing Hamiltonian equations represent as the
coupled channel equations given below:

.ﬁ: d: .ﬁ: +
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where n refers to a certain quantum state, J is the total angular momentum, The radial component of
the entire wave function of coupled channels equations, and r is the radial coordinate for the
relative motion between projectile-target nuclei. u is the reduced mass of the fusing nuclei, E is the
bombarding energy in the center of the mass frame, e, is the excitation energy of the n,,, channel,

(n|V.up|f2) is the matrix elements of the coupling Hamiltonian and w;(») represent the radial

component of the entire wave function of the system. The CCFULL code is employed to calculate
the coupled-channel equations, wherein the coupled-channel equations are solved using the
Numerov method and simplified by using the incoming wave boundary condition (IWBC) to
diagonalizing eq. (2). This simplification called Potential Model (Hagino et al., 1999). Once the
transmission coefficients T  are obtained, the inclusive penetrability of the Coulomb potential
barrier is given by:

P(E)=1—]|5, > =x.|17, (3)
The fu5|on cross section formulated from the Potential Model is given by (Takigawa et al., 2003;
Jiang et al., 2021).
or(E) = 5 Z,(2] + 1)P(E) (4)
For vibrational coupling, the operator @, in the nuclear coupling Hamiltonian is given by
(Hagino et al., 1999), 0, = f’ Ry (al, +ay,), where al (a;,) is the creation (annihilation)

operator of the phonon of the vibrational mode of multipolarity A. The operator implanted in the
nuclear coupling potential to take the matrix elements form as given,

Lr {”’|V T U |]‘?‘1} Lf*? 6::,m (5)
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The matrix element of the 0,,, is located between the n-phonon state |n) and the m-phonon state
|m}), which are given by,
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The vibration Coulomb coupling matrix elements is given by (Hagino et al., 1999),
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The total coupling matrix elements are evaluated by taking the sum of v™ and 9

nm nm ’

RESULT AND DISCUSSION

The calculations have been performed for the fusion excitation functions of some closed shell
heavy-ion systems. Using the Woods-Saxon (W.S) potential employed by the coupled-channel
equation, that is associated with Wong’s formula (Newton et al., 2004; Montagnoli and Stefanini,
2017; Gautam et al., 2019; Jiang et al., 2021; Cinan et al., 2021), implemented by the CCFULL
code (Hagino et al., 1999). All projectiles (*:C, 50, 7557) and the target *:3Sm are either closed
shell or closed sub-shell nuclei, some nuclei including magic and double magic numbers as shown
in (Table 1). Closed shell nuclei have a systematic behavior at low-lying surface vibrational states
about their equilibrium shape. It can be used to investigate the exciting function of the new fusion
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system, such as 35Ca + ';35m. Thereby, compound nuclei obtain directly from the closed shell

Bilal M. Othman et al.

nuclei fusions, as recorded in the (Table 2). (Qu et al., 2014).

Table 1: Target and projectiles configuration

Target Proton Neutron
nucleus number number Type
= 6 (1p22) 6 (1pz;n) Closed shell
Lo 8 (1py/2) 8 (1py2) Double magic number
25 14 (1ds 12) 14 (1ds0) Closed shell
#Ca 20 (13 0) 28 (1f;2) Double magic number
Ldgm 62 (2ds,2) 82 (Lhyy 2) Magic number

There are two vibrational modes of excitations in the target nucleus *;;5m. A typical example
is the quadrupole and octupole vibrational excitations, where 8, = 0.112 for the state 2" (1.66 MeV),
and 3, = 0.206, for the state 3" (1.81 MeV) (Hagino et al., 1997; Kuzyakin et al., 2013; Kaur et al.,
2016; Denisov and Sedykh, 2019; Sargsyan et al., 2011).

In the present work, the fusion cross-sections of ‘ZC. 150. 155i. 35Ca+ i35m systems have
been calculated by fixing the potential depth value V,= 102.9 MeV and the fusion radius R, = 1.096
fm , while the diffuseness parameter (a,) of W.S potential are varied from 0.6 to 1.1 fm to fitting

the fusion cross-section data. The best agreements were at the values of Table 2, other studies have
been carried in a, variation method (Newton et al., 2001; Hagino et al., 2003; Zamrun and Greiner,

2008; Zamrun, 2016; Najim et al., 2019).

Table 2: The optimized values of the diffuseness parameters a, (fm) of the nuclear potential,
companies by fixed values of the potential depth ¥, = 102.9 MeV and the fusion
range R, = 1.096 fm, and the compound nucleus (Nuclear Data Services, 2022), for
the listed fusion systems.

Fusion Reaction | ag(fm) present work | Compound nucleus
B¢} Hig, 0.60 gy
80 + ‘35m 0.77 HiTh
25+ Hem 0.97 20s
Blat+ ¥sm | - 2 Pb

In Fig. (1), we calculated the cross-section of the *2¢C + 13iSm fusion. Both projectile and
target are closed-shell nuclei and recognize only by low-lying surface vibrational states as the
essential mode of couplings. For a study of coupling in CCFULL calculations, we selected the
Ec.m Vvalues ranging from 40 MeV to 90 MeV. The projectile coupled to the one phonon 3™ and 2*
vibrational states of the target *3;Sm. The results are also compared with the non-coupled fusion.
The ;¢ +'ism fusion cross-section was calculated using other theoretical methods
(Janssens et al., 1986; Denisov and Sedykh, 2019).
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Fig. 1: The fusion cross-section of *§¢ + *23sm reaction. The solid-line represents the coupled
case with a, = 0.60 fm. The dotted-line is non-coupled case, and the square symbols
represent the experimental data, which was taken from ref. (Janssens et al., 1986).

Our results are in a good agreement with the experimental data with the diffuseness parameter
a, = 0.60 fm as depicted in Fig. (1) and it is better than the non-coupled calculations in describing
data.

Fig. (2) shows the experimental data compared to both calculated and non-coupled data of the
cross-section ‘50 + '25m fusion, where the projectile is taken to be inert and the diffuseness

parameter a, = 0.77 fm . The cross section’;0 + *¢35m fusion has been strongly influenced at

below barrier energies by the low-lying surface vibrations and spherical shape of the *35m target
(Gautam et al., 2017), this method can be found in Ref. (Iwamoto and Moller, 1996).

From Fig. (2), we observed that our presented calculations are better than the non-coupled
(inert target) calculations in reproducing data, due to the strength of the octupole vibrational state of
122Ssm target. Fig. (2) clarified that the experimental data is slightly underestimated by the
calculations performed by E. Crema et al. (Crema et al., 2005). Thereby, the present results are also
consistent to those recorded in the previous studies (Crema et al., 2005; Denisov and Sedykh, 2019;
Variani et al., 2019).
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Fig. 2: Different calculations for the fusion cross-section of '£0 + *#*sm reaction. The solid-
line represent the presents calculations with ay; = 0.77 fmn, the dotted-line is no-

coupled case and dashed-line is the calculations of Ref. (Crema et al., 2005), and the
square symbols indicate the experimental data, which was taken from ref.
(Crema et al., 2005; Variani et al., 2019).
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Fig. (3) clarifies the calculated fusion cross-section of the 135i + *335m, with a, = 0.99 fm,

as tabulated in (Table 2). Our calculated cross sections do not agree with the experimental data,
exactly in the low E_, region. This deficient return to the inclusion of the rotational states
in 135i as well as the 2*and 3~ vibrational states in *§35m (Gautam et al., 2020). Further, we
selected the inert case for the projectile ($%5i). This selection works well for heavy nuclei where the
excitation energies of the rotational band are small, while the 155i nucleus has a large ground state
rotational quadrupole deformation of 5, = —0.4 (Baby et al., 2000). To our knowledge, there are

no theoretical results using CCFULL code that have a better agreement with the experiential data,
but there is an empirical method extracted from the experimental data so-called universal fusion
function (UFF), that was used by V.V Sargsyan (Sargsyan et al., 2011), as shown in Fig. (3).
(Dasgupta et al., 1998; Montagnoli and Stefanini, 2017; Gautam et al., 2020).

The 35Ca + *335m fusion does not have experimental data. We propose the new method for

calculating the cross-section of 35Ca + §55m by predicting the value for diffuseness parameter a,,
while the values of ¥, and r, remain constant. This is done by extracting the new value of
the a, from the graph between the diffuseness parameters of the different mentioned fusion systems
and the mass number of the projectile nuclei (4,) as shown in Fig. (4).

1000 5
ZSSi + 144Sm

m  Exp.(Sargsyan et al., 2011)
— — (Sargsyanefal.,2011)
Calcul.

[ = = Non- coupled
0.1 T T T T T T T

T 1
85 90 95 100 105 110 115 120 125 130
E_,, (MeV)

Fig. 3: Different calculation for the fusion cross-section of 38s5i+ *2*sm reaction. The solid-
line represents the present calculations with a; = 0.99 fm, the dotted-line is non-

coupled case, the dashed-line is the empirical results of V.V Sargsyan (Sargsyan et al.,
2011), and the square symbols indicate the experimental data, which was taken from
ref. (Sargsyan et al., 2011).

Since the 35Ca + ';35m fusion does not have experimental data, in this work, we estimate
the value of a, by fitting the obtained values of diffuseness parameter (a,) values

(of ;€. *30 and iSi + *235m systems) to the mass number of the projectile nuclei (4,) as shown
in Fig. (4), we have found the following formula:

ag(4,) = 1.079 — 1.691e” *1054p )
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Fig. 4: diffuseness parameter a, vs. Mass number of the projectile nuclei (4,)
for 12¢, 150 and 28si+ *25m fusion systems.

From eq. (9), we obtained the value of a, = 1.068 fm for the 35Ca + 33 Sm . Fig. (5) shows

our cross-section calculations (solid-line) of 33Ca + *¢35m in comparison with each of the present
calculations (dash-line) and the experimental data (closed squares) (Stefanini et al., 2005) of the
3oCa + 1235m reactions. We selected the rotational band for both the projectile and the target. The
32Ca band specified by 8, = 0.105 for the state 2* (3.831MeV), and the i3 Sm band with
B, = 0.11, for the state 2" (1.66 MeV). Our calculated cross sections have not convenient well with
the capture experimental data, exactly in the low E__ region. The reason for shortcoming the

Ca

present calculated fusion cross-section of the 35Ca + *}3 Smreaction return to the fact that the
captured cross section data always greater than the fusion data 7 (Zagrebaev, 2004; Trotta et al.,
2005; Knyazheva et al., 2007; Mandaglio et al., 2009). Thereby, the projectile ;5Ca nucleus
coupling to rotational states and neutron rich nuclei channels of the target isotopes *23Sm lead to
significantly larger fusion cross-sections than the low line vibrational states of the spherical
target *;55m (Knyazheva et al., 2007; Wang et al., 2007; Sargsyan et al., 2011; Montagnoli and
Stefanini, 2017; Gautam et al., 2017; Denisov and Sedykh, 2019).

1000
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Fig. 5: Calculations of the i2ca+ '} Smand 35Ca+ 27 Smreactions with the experimental
data of the 32ca + *235m fusion. The dash-line represent the presents calculations of
the 25Ca + 123 Sm with a, = 1.068 fm. The solid-line is the presents calculations of
the J5Ca+';7S5m  witha, = 1.068 fm. The square symbols represent the
experimental data of the capture fusion of the :5Ca + *Z}sm reaction (Stefanini et al.,

2005).
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In particular, 35Ca has the significant difference. This is due to the well-known shape change
when going from *Z¢ (spherical) to 35Ca having a stable (intrinsic) prolate deformation. It specified
by high fusion Q-value (Qu et al., 2014), and thick neutron skin (Matsuzaki and Yahiro, 2022) if
compared with the ;¢ and 50 projectiles. In contrast, the 155i projectile has a large ground state
rotational quadrupole deformation of 5, = —0.4 (Baby et al., 2000) too. Maybe this structural

information plays the main role in falling down the crosse-section values below of the barrier region
for each of the 33Ca + *235m and 155i + *35m fusion reactions, as shown in Figs. (3, 5).

CONCLUSIONS

This study deal with the fusion of some closed shell (*;c, *50, 155i, 55Ca) projectile, each
one of them collides separately with the same target nucleus (*£55m) to calculate the cross-section.
Using the CCFULL code to solve the coupled-channel equations for different fusion reactions, such
as 2¢, 150, 1551, 35Ca + 12 Sm systems. The results show that the CCFULL code is successful in
approaching the calculated results to the experimental data.

The calculated fusion cross-section of the light mass (*2¢, '50) projectile with *:3Sm target
coincide with experimental data. This coincide used for determining the cross-section values of the
two fusion types (evaporation residue and total fusion) of the ¢ + *£3Sm fusion. The same result
was investigated in the previous study (Janssens et al., 1986). However, for medium nuclei
(1351, 35Ca) there are not in agreement in the low E_ region.

C.

The systematic variation of the projectiles leads to yielding the compound nuclei directly from
the mentioned fusions, as recorded in (Table 2). Further, the authors planned to determine the
product (evaporation residue, fission-fusion, etc.) types of the calculated fusion reactions in a future
study.

In this work, we focused on the surface diffuseness parameters' impact on the fusion cross
sections. In addition, we studied the relation between the diffuseness parameters and the projectile
atomic mass numbers. We estimated that the diffuseness parameter for closed-shell (double magic)
nuclei undergoes regular variation as shown in Fig. (4). The relation is used for finding a new
diffuseness parameter. Wherein, the new parameter a, = 1.068 fm. It is also employed to predict

the new result for 35Ca + *£3Sm fusion using the CCFULL code, which does not have experimental

data. We deeply discussed that the calculated cross-section data of the 35Ca + *;35m reaction is
close to the exact data, as shown in Fig. (5).
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