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ABSTRACT

In this paper, we are going to deal with computations of Residues
and Poles for the complex functions . We are also going to investigate a
new numerical procedure theoretically and its implementation numerically
to compute the residue of complex analytic functions with high order poles.
The paper needs the knowledge of computing the complex improper
integrations.
Keywords: complex analytic functions, Residues and Poles, complex
improper integrations.
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1-Introduction :
A final bit of theory in this paper is devoted to Cauchy's residue

theorem and its applications . Recall that Cauchy's theorem stated that
(§f(2)dz=0 ) so long as f(z) was analytic every where inside C.What if f(z)
is not analytic within C?

The answer is provided by Cauchy's integral formula . Here we have
proposed a new procedure to compute the complex improper integrations by
calculating the residues of the function .
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To compute the residues of a complex function of the form
p(2) ) such that the function f(z) has a pole at (z=z,), we are going
a(2)
to use the (short — cut - method) to estimate the residues[9].

If R is the real field and C is the complex field then consider the
following definitions and theorems:

(f(z):

1-1 poles :[3]

If we find a positive integer (m) such that [lim, ,, (z-z,)" f(z) # 0]
Then (z=1z,) is called a pole of order (m) . If (m=1) (z,)is called a
simple pole.

1-2 Analytic functions :[9]
If the derivative f/(z) exists at all points (z) of a region R ,then
f (z)is said to be analytic in R.

1-3 Taylor's theorem :[3]
Let f(z) be analytic inside and on a simple closed curve C . Let (a)
and (a+h) be two points inside C , then
2

f(a+h)=f(a)+h f/(a)+% f//(a)+ ..... or writing as
2
t(2)=f(a)+(z-a) f'(a)+@ f @+

Where (z=a+h)
The above series is called Taylor expansion for f(z).

1-4 Cauchy integral formula :[2]

If f(z) is analytic inside and on a simple closed curve C and (a) is
any point inside C then
1 ¢ f(2

f(a):ﬁc(z—a)

dz

Where C is traversed in the positive sense also the nth derivative of
(z=a) is given by
(n) 1 f(2)
f (a):2_7zi —uz ;
“ (z-a)

1-5 Lemma (1) :[9]

n=1,2.3,.....
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Let (Z,) be a pole of order (m) of a function f(z) then the residue of
the function at a pole given by the form :

1 . dm—l
Res(f,Z,) = ——1lim ., W[(z—zo)m t(2).

(m-1)!
The formula namely (short — cut — method ) .

2- A New method to compute the residues of a complex function:
If f(z) has a pole (z =z,) of order (m) then

1. dmt
CETR

We know that :

[-z)"t@]  where [f(z)=P2]

1
— f f(2)dz = @

m-1
Res(f,z,) :#Iimz_)Z d

T (22"t @)]

We find the value of the above integration by calculating the residues by
this procedure and it can be found in [5].

° dz m-1

21) If (z=1z,) isasimplepolei.e [q(z) =0,q9'(z,) = oJ then the residue is
given by the following form :

_ P(z,)
Resltza)= 7y e (1)
22) If (z=z,) is a pole of order (Mm=2) ie

la(z,) =0,9'(z,) =0,9" (z,) # 0] then the residue s given by the
following form :

P'(z,) 2 P(20)07(2o) @)
a9@z) 3 @? (@)’
See [5] for the details of these procedures.

Res(f,z,)=2x

3- In this paper we are going to follow a procedure for a general
function of a pole of order (m):
3.1) Let us start with order (m=3):
If (z=12,) isapole of order (m=3) i.e
la(z6) = 0,0’ (25) =0,0” (2,) =0,9" (z,) = 0] then the residue is given by the
following form :
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PP () 1 p(z0)9®(2,)

q®(z,) 10 (@@ (z,))? 3)
1,99 @) 1 @9 @) p,)
2 @90 8 @9@)°

Res(f,z,)=3x[

Proof:
If (z=12,)is apole of order (m=3) then by (short-cut-method) we
get :
1, d? p(2)
Res(f,zo)zallmHZOdZ—z{ (z2-12,)° w | 4)

We expand the analytic function q(z) into Taylar series valid in disk
lz—z,/<r

1. 42 pP@E-2)° (5)

— 2
R R R CICR RECE R TR S

_3)] d’ [ p@
=3lim,_,, 7 {U(z) ............. (6)
Where

2 3
U(Z)=q(3)(Zo)+%q(4)(zo)+% (5)(20)+%q(6)(20)+.... (D)

Then from (6) we get :

1{ U@ PV - PV () ®
e -

L@pP@-p?@U2 @)
o ©eyt ©)
_PUP@)+uY0)p%@ , UP@)%p@)
U@)? U@)*

=3lim
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lim 117, p(z) = p(zo)

lim -1, p(l)(z) = p(l) (2,)

V() =09 ) + L2 g 2,4 %q@(zo)m

lim -1, U(z) = q(g)(zo)

1 2
UO@=709 @)+ o7 E-2)9% (2) +....

lim 757, U(l)(z)_ q(4)(z)

U @) =20 (z)+ 6 = 4( 2-2,)99 () + oo

u ‘”(z) = a9(z,)

Z*)Z
0

Then Substituting the above values in (10) in equation (9) we get the
desired proof .

3.2) If (z=1z,) isapole of order (m=4) i.e

[q(zo) =0,9'(z,)=0,9" (2,) =0,9" (z,) =0, (z,) = OJ then the residue is given
by the following form :

P¥() 3 PP (2)a® ()
a¥@z) 5 (@*(z,)?
P27 (2) 1 pP(20)a(z,)

Res(f,z,)=4x[

35 (q(4)(z )) 5 (q(4)(z )) (11)
P9 E)0%C) 6 @@
25 (q(4)(2 DE 25 (q(“)(z NE

(@92 p(z,)
125 @?(z,)*

Proof:

If (z=12,) isapole of order (m=4) then by (short — cut - method)
we get :
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3
Res(f,z,) :%lim 12, ;’Z—{(z—zo)“ %} ...... (12)

We expand the analytic function q(z) into Taylor series valid in disk
lz—z,/<r

~Liim d® (2-20)* p(2) .....(13)
3 T gt @ (z-2,)° (o
a(zo) +(z2-2,) (Zo)+Tq (Zo) +..n.
. d? | p(z
=4lim,_,, dz_?[%} ....(14)
Where :
U() =q®@ (z,)+ = 20) °)q(5)(zo) %q(@(zoh ..... ....(15)
Then from (14) we get :
—4lim —{U(Z)p(l)(z)_p(z)u(l)(z) ....... (16)
R dz? U@)°
_4lim d U@ p?@)-p"@u" @
T ©oeyt (17)
_PUP@+uY2p%@) , UY@)°p@)
U (2))? U @)
_4lim,,, Y@ 4, pP@u@
U(z) U(2)?
PV 5 pP@U? (@),
U (2))? U (2))? ..(18)
U@V VO P ()
U@ U(@2)°
L WP@)° p(z)]
L)
Where
U@@)=q (zo>+ Lo zo)q@(zm 5= 2,)°0%(z5) +... ;lim,,, U(2)=q“(z,)
u“’(z)=§q“”)(zo)+£(z—zo)q“)<zo)+ ............... Com L UO0-20%G) | L (19)
u<2’(z)= ©) + o5 (=200 @)+ R = q“”(zo)
U@ =40 (22040 @) i M, U0 ) =20 7)
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Then substituting the above values in (19) in equation (18) we get
the desired proof.

3.3) In this approach we can find the residue for (m=5):

If (z=1z,) isapole of order (m=5) i.e

[a(z0) =0.0"(z,) = 0.0" (25) = 00" (2,) =0,9" (2,) =0,q™" (z,) = 0] then the
residue is given by the following form :

P9y, 517 E)P0)
a®(z,) @® (z,))?
a0 )p? @ )+12X(1q<6><z0»2 p2(2,)
@©(z,))° @ (z,))°
15600 )P(z) _4X516q<8’(zo)p‘1’ (2)
@® (2,))? @® (2,))?

140 (25)0® (20) p(z0)

Res(f,z,)=5x]

—GX

42
T @907
%q@(zo)q”’(zo)p@(zo) (%qm(zo))zp(zo)
+4x +6x
@®(z,))° @® (z,))°
(%q“” (20))? iq‘” (20)P(20)
—-36x
@® (z,))°
5 (%q@(zo»?'p‘”(zo) 5 %q(ﬁ)(zo»“p(zo) .
T @@y @@y -+(20)

Proof : (By the same way in (m=3)&(m=4)) .
3.4) In this approach we can find the residue for (m=6):
If (z=12,) isapole of order (m=6) i.e

la(z,) =0 (2,) =49 (2,) = 49 (2,) =09 (2,) =0 (2,) = 0,0 (2,) # O]
then the residue is given by the following form :
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Oy 7P ")

q®(z,) @©(z,))°

= n® (8) i 2 9)

28p (z,)g (zo)_10X84p (z5)a™ (z,)
@©(z,))° @®(z,))?

Res(f,z,) =6x[ 2

1 @ ®) 1 o (10)

@@ (z,))? T @®@)?
aipua¢m(o zo(id”aofw@ua
+2UX
@ (z,))? @ (z,))?

(7) 730® (2 Yp®(z 11 ™ (2 1919 (2
+60><196 (2)a™ (o) P (o)+1O (7 210)|D( 0)8(2)0" " (20)

CRICHN @®(z,))°
(7) (8) ()] 9) ®)

o 1%q (25)a7(zo) P (zo)+20 (84 28)q (25)9™ (20) P(Z,)
@©(z,))° q®(z,))°
(196)q“)(zo)q(9’(zo) PP (z,) ﬁ PP (25)a"(2,)9® (2,)

e @@ @) e @O ,)7

Eq@@) @) EaP@) ()
+30x-28 ° > _60x_L ° °
(¢®aaf @©(z,))"

= d”aa) d%aap(a (7¢”aa) —09(z,)pP (z,)
- 60x o -180x 28
m ()" G (%»

. 7q“’(zo)( q®(z,))% p(2,) o (7q(7)(zo)) q‘s)(zo)p(zo)
_ + X
mﬁk%» mwk%»

Ca@)' %) CaP@) p)
Oy T @y e

Proof: (By the same way in (m=3)&(m=4)) .
3.5) If (z=1z,) isapoleof order (m=7) i.e

[0z0) = 49 (20) = 4@ (2,) = 49 (25) =09 (2 ) =99 (2,) =9 (2,) = 0,97 (z,) = 0]
then the residue is given by the following form:
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0 PP a0
17 (z )_GX @ (2,))°

Res(f,z) =7x[

. pW(z4) — q(g)(zo)_ Xp(s)(zo)lzoq(m)(zo)_
G ”(zo» @ (z,))°
AP ) PO ) 5% ()
0w T @)y
@ L O M 12)
) p (20)36q (Zo)_ p (2)792q (2)_
@ (z,))* @7 (z,))?
13) 1 ®) ) @)
p(z )1716q (zo)+20 (8 36)q (2)a" (20) P (2,)
@ (z,))? @7 (z,))°
Ca%E) P 00E)  Exa® (e @)p® @)
+30x 7 3 +108x &
@?(z,)) @?(z,))?
(; 120)oﬁ‘”(z )0 (2,)p@ (zo) <§ 33o)q“”(z )9 (24)p® (z,)
+80x +76x
@7 (z,))° @ (z,))
Cx 1 )0®@)a% (2)pz0) (g (z0)? p(z0)
8 792 36
+12x +90x
@ (z,))° @ (z,))®
(g ﬁ)p( 0)a (2,)9® (z,) (é 120)q“’>( )a"9(2,)p® (z,)
+30x +8x
@ (z,))* @ (z,))°
i 9) 2 (@) 1 9) (10) ()]
+8X(36q (Zo))p (zo)+1%x(36 12O)q (2o)a"(25) P (2,)
@ (z,))° @™ (z,))®
1 1
(RO )2pze)  Cx)a®(20)q9 (20)p@ (z0)
+20x 120 : . +56 8 120 :
@ (z,)) @ (z,))°
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(8q‘8><z N pP(z,) (8q‘8>< )) ‘9><zo)p<2><zo)
—120x —540x%
@ (zo))* (q“)(zo»“
Eq©(2,))?2 33qu’(z )p(zo) (%q“”(zo»z%q“”(zo)p@(zo)
—24x
@ (z))* @ (z,)*
1 1

(536 120)q<8>( )09 (25)a" (z,) p(2,)
—360x
@®(z,)*

1 1 1
(%q(g) (Zo))2 g q(8) (Zo) p(l) (Zo) (% q(g) (Zo))2 p(zo)
—540% —90x

@™ (z,))* @ (z,))"*
(%q@(zo»“p(z’(zo) (%q“”(zo» 120q‘“”(z )p(20)
+480x
@ (z,))° @7 (z,))°
1 @,y 1,0 ®
(8q (20)) 36 Y (zo)p (Zo)+
@ (z,))°

(%q“”( DG L4® @)% p(z) (%q‘s)(zo»“3—16q<9’(z0)p(z0>
1080x (7) —1800x & 5 -
@D (20))° @ (2,))

—-90x

+360x

+1440x

a® (2, P (z0) (509 (2)° p(zo)
720x PEIEE +720x PGy .....(22)

Proof:
If (z=12,) is apole of order (m=7) then by (short — cut -method) we

get :

Res(f,zo):élimz_ﬂ {( —z,)" p(( ))} where  (f(z)= pgz))) ceen(23)

We expand the analytic function q(z) into Taylor series valid in disk
z-z,|<r

1, d® (2-2,)" p(2) ..(24)

=—1im _—
6l 2% 6 2 Y
0+ (22000 (2)+ E 2l g a) + BT g0
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— p(z)
=7lim,,, {U (Z)} eeee(25)
where :

@ (z-12,) q® (z Zo) q®© (z- o) (10)
U@)=a"(z0) +—— 3 (Zo)+——— 839 (20) + Bx9x10 1 (2o) +....-.-(26)
Then from (25) we get :

" dz U@
~iim, { %@ pau?@ , PP p(z)(u@(z»z} (29)
Tdzt[ V@ u@)’ U(2)* U@)*
~7im,,, & { p?@ L PP?@QUY@) p@U@ , P@UP @)
V@ U@)? U@)? U@)?
Lex PAUPVEE) o pP@UD@) g p(z)(u“)(z»} ceee(29)
U@)? U @) U@y’
=7lm, ,, 42000 _,, pP @U@
°dz® " U(2) U(2)?
6 P2 @VP @, p?@OUP @)’
U@)? U@)?
pu@ , pP@UP@) o p@UP @U@
U@)? U@)? U@)?
Lo PP U@V )
U@)?
6 POUP @) o p@OUP@)*U? ()
U@)? U@y*
...(30)
o PPOU @) L, p@U @)
U@y* U@)°
_7im,, 4PY@ o pP@UO@ , pP@uP@) 4, pP@uBe)
dz U@ U@)? U@)? U@)?
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@ 2 @ ©) ©) @ ®
5 P2@UP@ PPN Y@ VY@ L, WY@ %)

Cle)y Cley Cle)y U@)?
160X VP @UP@p? @) ) p@UP@UP (@) o UORUD @)Y ()
U@y’ L@y’ U@y’
120 Y2 @UP@p@) o, VOO @pY@) L, pP@UO@UO @)
U@)? U@)* U@)*
30, PP U (2)3(2»2 60 W@ p:” (@) g0, W@V ‘31(2) p(2)
@) @) (@)
180, V@DV P@pP@) 0 VP@UP @)@ , 0, WP @PUP@)0(2)
U@ U@)* L@y
1120 V2@ 0@ o U@ p(2) veene(31)
Cleay U(@)°
71, | P2 4, pP@VO@) o pO@NP@) 4, pO@UPE)
V@ Cley U@)* Cley
15 V@@ pP@UP@) o pPUP@) L VOO @p? (@)
Cley U(2)* U@)* U@)?
@ ®) (6) @ 4 @ @ (©)
e 2@V pEUT@) g, VB RD@) 0, VU @D
Cle) @) @) Cle)
10XV @p? @) L. VPP 1, VP @V @)p@)
U@)? U@)°* Cley
L0, PLAUI@) g pEUIOUEED VBV @pD @)
(@) Cle) (@)
L8, PP @QU? (@)*
U@)?
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1136 92U @00 @) 5 U @) p(2)
@) U(2)
LU @U@ @)p?(2) 1905 U ® (293 p@ (2)
(U (Z))3 o (U (Z))4

+56

Ce40, VP’V @)p? (@) o, UP@)*UP(2)p(2)
U @)* U (2)*

Cog WO @)U (2)pP(2)

U (2)*
LO@QUP@UP@p@) | 4oe, WY@V @20 (2)

U@y* U@p*

640, VP OUP @)% o WP @) @)

U@p* Gl
1360, 8@ PP @) o0 WO VO @D)p()

U@)° U@)°
U2@)P°U?@p"@) 1180, U2 @)U (2)* p(2)
U@)° U@)°

1800, VD'V P@p@) 0 WO@)° PV (@) L0 UP2)°p@)

U@)° U@)° U@y’

360

1440x

Where :
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3x2
U@z)=—"—q®z)+ 7-2.)q% ) +...
(2) 98 () 10><9><8( )4 (2,)
. 1
lim -1, U (2)(2) = %q(g)(zo)

U(g)(z): 3x2 (10)Z)+ 4x3x2
10x9x8 " 11x10x9x8

(Z - Zo)q(u)(zo) to

lim -1, ue (2)= _q(lO)(Zo)

U(4)(Z 4x3x2 Wy, Bx4x3x2

- ©
) S o a C L) (Z)
Tx10x9x80 P o iioxorg L 00 (&)

1

lim -1, U (4)(2) = ﬁqm)(zo)
5x4x3x2 6x5x4x3x%x2

U () =———""= _q®g)+ 1-2,)0%9(z,) +...

g 12x11x10%9x8 (@) 13><12><11><10><9><8( o4 (%)
. 1
lim, .. UO ) =——qW(;

e, UO0= ) ()
U(G)(Z): 6x5x4x3x2 1) 2)+ Tx6x5x4x3x2 (z—z(,)q(”)(zo)+....

13x12x11x10x9x8 14x13x12x11x10x9x 8
1

lim, .. U®(z)=——q®)(;

12,V (2) 160 (2,)

Then substituting the above values in (33) in equation (32) we get the
desired proof .

3.6) In the above manner the procedure can be easily extended for any
pole of order (m) .

4-Numarical computations :
These examples can be found in [1, 4, 6, 7, 8, 10, 11].
Example (4.1) :

Z%+1

Evaluate the following integral Iﬁdz at Cc:/z/=3.
2 (Z-2%Z-1
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Solution:
The function f(Z) has two poles (Z=1, Z=2) inthe region c:/Z /=3 ,and
the order of these poles is (m=3) & (m=4), respectively 4

The solution by Cauchy integral formula is as foIIovf<
z%+1

- O ]
0

[ =iz - 587587 -0
cr2/-Z =2 (Z-1) C\
cC

Figure 4.1
Then the solution by the new procedure is given as follows :
2 2
j %dz =27 Res(f,Z,) =2 Res(f,Z, =1)+ 2z Res(f,Z, = 2)
C:/Z /-3 (2-2)"(z-)) i=1

Where p(2)=22% +1 ; q(2)=(Z-2)*2Z-1)°3

P(2)=5 q¥(2) =24 P(1)=2 q¥@) =6
pP@=4 | q®(2)=360 PP (L) =2 q“ (1) =-96
p@@2)=2 | q®(2)=2160 p® 1) =2 q® @) =720
p¥(2)=0 | q'”(2)=5040 p?@B)=0

Table4d.1
Then by using the new procedure for (m=3) we get :
Res(f 1) = 3x[1—4+2.66+ 2304 }: 28.98 = 29
3 (36 x6)

Then by using the new procedure for (m=4) we get
Res(f,2) =4x[-0.75-1.25—3+22.5+9—33.75|= —29

Then :
[ Ldz—zmims(f Z,)=2xiRes(f,Z, =1)+27iRes(f,Z, = 2)
C:/Z/:S(Z—2)4(z_1)3 — i 14y \Z,

=587 —587 =0
Example (4.2):

z 6
Evaluate the following integral _[ (ez _22_)6 dz at C:/Z/=3.
—Z21

Solution:
the function f(z) has a pole Z=2i of order (m=6) .
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then by Cauchy integral formula we get:

A 6 H
e;z_Gdz - ﬂ(eZi —1440i).
C/Z/-3 (2 -2i)
Then by using the new procedure for(m 6) we get
6
~Z 47 = 27 Res(f,2i) = ( _1440i).
Ci/Z/=3 (Z -2i)°

Example (4.3)

Evaluate the following improper integral dex where m=1,3.5,.....
o x™

Solution:

Now for this type of improper integrations we not can find the result by

Cauchy integral formula. The only way to evaluate is the new procedure

with general order (m).

If (m=1) then | SING9 gy = 4
5 X 2
P‘ sr
If (M=3) then jwdh% R (% R >
X
0
_ [sin() 7
If (m=5) then'([ =g e shall prove that

Figure 4.2
z
The function f(Z):;—5 has pole (Z=0) of order (m=5),on real line .Then

I 09 fim ., J’ SN09 4y then by Jordan lemma we get:
X

r R
..mw,%[(pp f e } :

-R r Sr CR
Where
J'SIn(X)

X

(j?dzzo)then

dx —J'—dz on real part (x-axis). Then by lemma we get

By replacing (x = -x) in the above first term in the LHS then we have :
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R . iz
lim R%HO[mJ‘ S'n(sx) dx} - —j;—sdz = 7iRes(f,0) then we find the residue at a
X
Sr
pole (z=0) of order (m=5) .
Using the new procedure to find the residue for order (m=5)
Now  p(z)=e” & q=2°

r

P(0)=1 q(0)=0 q®(0) =120
pP0 =i | q¥0=0 |q“(0)=0
p?0)=-1 | g (0)=0
p?)=-i | q¥(0)=0
p?0)=1 | g (0)=0

Table 4.2

Then :

Res(f,0) = 5x {i} -1 we get from that jsm(x) dx =~
120 24 - 28

Then by using the new procedure of order (m) only we find general
solution.

2(m-1)!
0 otherwise

m

]’isin(x) i [ — if m=13579...&n=123,...
0 X

Example (4.4)
Evaluate the following improper integral T&ngx)dx Where m=2,4,6,....
X

0

Solution:

By the same way of example(3) we get the general solution .
< L — if =24,.&n=123..
jcosrgx) ax =1 2moD em n

o X 0 otherwise

By using the new procedure of order (m) only we get the above solution.

5-conclusions :

It is clear that the new procedure for calculating poles of any order
(m) is a very effective rule in determining the values of improper integrals
while in the most of complex variable methods fail to compute these
integrations.
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