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ABSTRACT 

    In this paper, we study the conditions under which the zero solution is 

stable in the semi- liner case for certain third order differential equation of 

the form : 

),,,()()()( 321 yyythytpytpytpy =+++            

Where 

,        Cqs ,    Ctws →:)(,   s = 1,2,3      )]([ twqp ss
s

s +=     

   ),[ = at     ,  Na              
 

    The characteristic equation of the above differential equation has complex 

roots of the form :  

  021  i=−=,     00 and the other root has the following               

erty prop  0,Re 3 − MM.          

Keywords: Stability, Critical Case. 

 شروط استقرارية الحل الصفري لمعادلة تفاضلية من الرتبة الثالثة في احدى الحالات الحرجة
 سعد فوزي العزاوي                                            ثائر ذنون يونس  

 كلية علوم الحاسوب والرياضيات، جامعة الموصل 
 28/06/2007تاريخ القبول:                               20/05/2007لام: تاريخ الاست

 الملخص
 

شروط استقرارية الحل الصفري في  الحالة شبه الخطية لمعادلة تفاضلية من   سيدرسهذا البحث 
)()()(),,,(                   الرتبة الثالثة بالشكل : 321 yyythytpytpytpy =+++ 

 حيث ان 
,        Cqs ,    Ctws →:)(         ,     s = 1,2,3     )]([ twqp ss

s
s +=  

 ),[ = at       ,  Na                  
 ان المعادلة المميزة للمعادلة التفاضلية اعلاه لها زوج من الجذور المعقدة بالشكل :

00            021  i=−=,      
Re,0والجذر الاخر يحقــق الخاصية     3 − MM. 

 الاستقرارية, الحالة الحرجة  الكلمات المفتاحية:
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1- INTRODUCTION 

Critical cases in the theory of stability for differential equation 

means , that cases when the real part of all roots of the characteristic 

equation are nonpositive with the real part of at least one root being zero , 

other express which is neither stable nor unstable [3] . 

    In the critical case the non-liner terms begin to influence the stability of a 

stationary point and the investigation of the first approximation for stability 

is in general impossible . 

    In [4,5] studied the conditions of stability zero solution for certain 

differential equation in the semi-linear case when the characteristic  

equation has roots of the form : 0, 001 =  i         

and the others satisfying the property nkOMMk ,.....,2,,Re =− .      

[4,6] studied the same conditions to find the center of gravity for 

nonoutonomous quasi-linear differential equation of n-th order . 
 

      In this paper, we study the conditions under which the zero solution is stable 

in the semi–linear case of differential equation which has the form : 
 

),,,()()()( 321 yyythytpytpytpy =+++                                        …(1)  

Where 

    s = 1,2,3, Ctws →:)( ,  Cqs  , )]([ twqp ss
s

s +=      

             ),[ = at  , Na   
   

     times differentiable and )(tsre continuos functions for all   s  anda      

satisfies the following conditions : 

                                                          →t ),0(: →,)1(02 =− , 

CCh n →:,  + ++
1

),,,( yyyLyyyth                                         

),0[: → L  , 0     and the characteristic equation of ( 1) has roots,  

021  i=−= , 00   and the other root has the following property 

0,Re 3 − MM .     

2- Definitions : 

  Definition 1 [3] :  The zero solution of the differential equation ( 1 ) is said  

→t   ,  if   0there  exist  0such that    to be stable as   
     

the solution    y = y(t)   of  the differential equation (1) with the initial 

condition )(Ty  satisfies the inequality )(ty , Tt     

Definition 2 [3]: If the conditions of definition(1) are satisfied and           

)1(0)( =
→

txLim
t

said to be asymptotically 1 ) is zero solution of (  ,then   

 stable  . 
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3 – Helping Transformations  

In order to find the conditions under which the zero solution of 

differential equation ( 1 ) is stable , we use the following lemmas :  

Lemma 1 [2] :   

The transformation ;  

y =   . Z1 

y' = 2. Z2                                                                                                 …(2) 

y'' = 3. Z3 

      transform the differential equation ( 1 ) to  the differential system of the 

form :  

Z1' = --1'Z1 + Z2 

Z2' = -2-1'Z2 + Z3                                                                                                          …(3) 

Z3' = -p3(t)
-2Z1 - p2(t)

-1Z2  -(3
-1'+p1(t)) Z3+F1(t,z) 

where 

|F1(t , z)| < L [Z1+ Z2 + 2Z3]
1+, L=L*-2 
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Lemma 2 [2] : 

 

The transformation ;  

  X  = BZ                                                                                            

where  



















+−++−

+++

=

001

1)()(

1)()(

10201
2

0

10201
2

0

qiqiqi

qiqiqi

B 



 

q1,q2 C  ,      det B = 2i0 

transform the differential system (3) to  the system of the form : 

X1' = [i0X1+ (-(i0)
3-q1(i0)

2- q2i0-q3)X3]+F2 

X2' = [q1X1+ (-i0 - q1) X2 + ((i0)
3+(i0)

2q1+i0q2-q3)X3]+F2 

]
2

1

2

1
[' 2

0
1

0
3 X

i
X

i
X


 −=  

where ,               )1()(lim otWs
t

=
→

,  )1('lim 2 o
t

=−

→
      

0

1

0
2

3
)]

02
22)

0
(

1
23)

0
(22

0
2[

2
)]

10
(2[

1
)]

1
(2[

|2|



+

















−

+++−++−++−+−


M

i

XiqiqiiXqiXq
o

i
MLF







 Lemma 3 [2] :  

By using the following transformation 

X1 =  y1 

X2 =  y2 

X3 =  ky1+ k y2+ y3 

where      k , k  C 
 

    we transform the differential system ( 5 ) into the following differential 

system : 
 

y1' =  [(i0+c1k) y1 + (c1 k ) y2 + c1y3] + F3    

y2' =  [(q1+c2k) y1+ (-i0-q1+c2 k )y2+c2y3]+F3   

 ][][

)](
2

1
[)]()(

2

1
['

3321

22101
0

12110
0

3

kkFyckkc

ykcqikkkc
i

ykcqkkcik
i

y

+−−−

++−−−−−++−+−



= 







 

…( 4 ) 

…( 5 ) 

…( 6 ) 

…( 7 ) 
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












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
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]
2

)2)(2)(2(2
[
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)2)(2)(2(2[)((
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iqiqii
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i

iqiqiikqi

y
i

iqiqiikqi
MLF

 

 Now , we use the following lemma which leads to the auxiliary system :  

Lemma 4 [5] : 

the transform       
 

y1  =  w1+bw2+b3w3 

y2  =  bw1+w2+ b3w3 

y3  =  w3 
 

where   b,b3C      ,      b  +1 







 ++−−

−−−−++−−−++−

+−−++−+
−

++−−−−−

−++−−−++−
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…( 8 ) 
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
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…(9) 
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Lemma 5 [2] : 

the transform       

w1  =    rei 

w2  =   re-i 

w3  =  - r3    

       

 where       ]2,0[               

       transform ( 9 ) into the following differential system : 
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where 

…( 10 ) 

… ( 11 ) 
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4 – Fundamental results : 

  Theorem :  

  In the equation ( 1 )  if  : 

    -1Caps →= ),[:,         CCh n →:,   

  + ++
1

),,,( yyyLyyyth  
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=
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     ,     )1('lim 2 o
t

=−

→
    -2    
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and  

if      
 −→

t

T

dtRe         sa  →t     –a  

 →=
 −t
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dtReas               –c  

then the zero solution of ( 1 ) is unstable      

proof  

on applying the transformation (2) ,(4) ,(8) and (10) into (1) we get the 

auxiliary system :     
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   ,  where     )(t =s an arbitrary variant function and it is continuous i    

auxiliary system ( 12 ) solved by the method   the      Tt " for all         

Variation of parameters " [ 1 ]  
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Now it is clear if  
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then the zero solution of equation ( 1 )  is stable   

To explain our fundamental results the following example is given:      
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 y''' + [(1-i)+(lnt)-1(2+3i)]y'' + 2[4+(lnt)-2(1-4i)]y'+3[(4-4i)+t-1(3-6i)]y 

                                            = L*[|y|+|y'|+|y''|]1+ ..............( A ) ,        [0,) 

The characteristic equation to homogeneous part of equation ( A )  

Contains roots form :    1 = 2i    ,     2 = -2i    ,     3  =  -1+ i 

)1()(lim otWs
t

=
→

     ,     )1('lim 2 o
t

=−

→
                when  

 b  =  1+i    ,     b3  =  1    ,       k =  2+i    ,   k   = 2 – i       

)1('lim 2 o
t

=−

→
for example if     

te=or           
2

1−

−= tthen           

on applying the transformation (2) ,(4) ,(8) and (10) into ( A ) we get the 

following  table : 

 

  = - t-1/2  = et 

 =0 =30 =45 =60 =0 =30 =45 =60 


t

T

1Re dt 
 -  -  -   -     
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*
1Re dt     -  -  -  -  
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**
2Re dt 
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 unstable stable unstable unstable unstable 
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