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ABSTRACT

In this paper, we study the conditions under which the zero solution is
stable in the semi- liner case for certain third order differential equation of
the form :
Y+ p®Y" + p Y + ps®y=h(t.y,y,y")
Where

ps =7°[gs +we (] , =123 w():4—>C, Qs <€C

ae N , teA=[a,x)

The characteristic equation of the above differential equation has complex
roots of the form :

and the other root has the following Ao >0 |, A4, =—A, =i,
Rel, <-M,M >0 property
Keywords: Stability, Critical Case.
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1- INTRODUCTION

Critical cases in the theory of stability for differential equation
means , that cases when the real part of all roots of the characteristic
equation are nonpositive with the real part of at least one root being zero ,
other express which is neither stable nor unstable [3] .

In the critical case the non-liner terms begin to influence the stability of a
stationary point and the investigation of the first approximation for stability
is in general impossible .

In [4,5] studied the conditions of stability zero solution for certain
differential equation in the semi-linear case when the characteristic
equation has roots of the form: 4, =i4,,4, >0
and the others satisfying the propertyRe A, <—M,M >0,k =2,.....,n.
[4,6] studied the same conditions to find the center of gravity for
nonoutonomous quasi-linear differential equation of n-th order .

In this paper, we study the conditions under which the zero solution is stable
in the semi—linear case of differential equation which has the form :

y '+ p @y +p ()Y + ps®)y=h(t.y.y,y") ()
Where
s=123,w(t):4>C, s €C , p, =7°[qs + W ()]
ted=[a,0),a= N

are continuos functions for all s and 7z°(t) times differentiable and «

satisfies the following conditions :

27’ =0Q),7:4—>(0,0) t —> oo

|h(t! Y, y!v y”)| < L*Uy| + y’ +|y”|]1+ﬂ, h:AxC" —>C
L": A —[0,) ,4>0 and the characteristic equation of ( 1) has roots,
A, =—A, =i4,, A, > 0 and the other root has the following property
Re; <-M,M >0.
2- Definitions :
Definition 1 [3] : The zero solution of the differential equation ( 1) is said
to be stable as  such that 6 > 0 there exist Ve >0 ,if t — oo

the solution y = y(t) of the differential equation (1) with the initial
condition|y(T)| < & satisfies the inequality|y(t) <&, vt =T

Definition 2 [3]: If the conditions of definition(1) are satisfied and
then , zero solution of ( 1) is said to be asymptotically It_im x(t) =0@Q)

stable .
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3 — Helping Transformations
In order to find the conditions under which the zero solution of

differential equation ( 1) is stable , we use the following lemmas :
Lemmall|2]:
The transformation ;
y=mn.21 )
y' =72 Z, Q)
y' =7 273

transform| the differential equation (1) to the differential system of the
form :

Z1' = -win'Zd + nZ

Z)' =-2nin'Z, + nZ3 M .03)
Z3' = -p3(t)n2Z1 - p2(t)niZe -(3rin'+pa(t)) Zs+Fa(t,2)
where
IFu(t, 2)| < L [Zo+ nZa+ n2Za]"P, L=L"nh2 >
_/
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Lemma2[2] :

The transformation ;
X =BZ (4)

where
(i%0)? + ay(id) + 0 i20+ 0 1
B = | (-i29)* + (%) + 0 —ip+q 1
1 0 0
01,2 €C , det B =2iko
transform the differential system (3) to the system of the form :
X1' = w[iroX1+ (-(iro)*-q1(iro)?- 02iro-03)X3]+F2

1+ 5

X2' = n[qiXa+ (-iko - qu) Xz + ((1h0)*+(iko)’qu+iroga-gs) Xs]+F2 ..(5)
S N

= i <]

where imW,(t) =0@) , iimz2r=0@)
t—w t—o0

Eale M{[—ﬂ+7z2(—i/10 o)Xy -7 + X, +[2idg + 72 2140)° + 20y (i0)% + 20,i2)]X
-2,

M >0

Lemma3[2] :

By using the following transformation

Xi1=y1

Xe=y2 (6)

X3= kyi+ ky2+ys3

where k, k €C

we transform the differential system ( 5 ) into the following differential
system :

y1' = nll[(iAo+ciK) y1 + (C1k) y2+ C1ys] + Fs )
y2' = nl[(qu+coK) yit (-ido-gutc2 K )yz+Coys]+Fs
L. - 1, - (1)
Vo= [2_——k(|/10 +C1K) =K(ay +Cok)Ty; +[- - ke k —k(=idg =gy +C,K)]y, + >
i4g 214,
[k, —ke,1ys - Falk +K] )
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|F3j< MU (—7 + 72 (—iAg + qy) + K[-2i4, +27.r; (2(i49)* +2q,(i4y)° +2q2i/10)yl .

(-7 ( |/10+q1)+k[ 2|ﬁo+7z (2(|/10) +2q1(|/10) +2q2|/10)]
—2i4,

B

[7 2idy +7 (Z(MO) + 2q1(|/10) +20,i4)

—2i4, Ivs

Now , we use the following lemma which leads to the auxiliary system :
Lemma4 [5] :
the transform

y1 = witbwo+baws

y2 = bwitwz+ baws . (8)

Y3 = W3

where b,bseC , b=z0+1

wy'= 5 [140 +erk —b(ay + C5k) + ba(b — 1)[—%— K(idg + k)
— Kk(ay + C,k)]+ b[c; k—b(—idg —qy + ¢, k) + by (b —1)

[ 2;0 — ke k— k(—idg — 0y + ¢, K)TIM, +

E[b[mo + ¢k —b(gy + c,K) + by (b — 1)[—10 — k(iAo + c,K)

— k(0 + oK)+ & k—b(—i g — gy + G5 k) +b3(b—1)[—ﬁ—kclk—
k(—idy — y + Co K)IW, + >

+ _ﬂbz [ba[i2g + ik —b(dy + k) + by (D —1)[=k (i4g +C,k) — k(g +C,k)]+ ¢, k-

b(-i4y —q; +¢, )+b3(b -D[- kclk k( i4g — 0y +C,k)]]+¢, —bc, +by(b-1)
[ke; - kczl}Na o7 Fall-b-b;(b- D(k-+K)]
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T

WI:
> 1-b

> [—b(iﬂg0 +cK) +0; +Cyk ijg(b—l)[ﬁ—k(i}L0 + ¢ K) D

— k(qy + c,k)]+b[—bc, k—idy —q + C, k+ by (b —1)

[——%—qu K (—idg — Gy + C, K)TIW, +

b2 [b[—b (i1 + c,k) + qy + C,k + by (b —1) [ﬁ —Kk(ido +cK)

—K(ay + Cok)]—beiK —idg — @ + s E+b3(b—1)[—ﬁ— key k—

k(=i — Gy +Cy K)TW,
7 [bal = b(io +01K) + 0y + 0k + ba (b DIk (i + 1K)

_|_
1
—k(qy + c,k)]—be, k—idy — Gy + Cy k+ by (b —1)[—ke, k—

k(=idg — Gy +Cy k)] — by +Cy + by (b —1)[—ke, — ke, TWs +
1

+——— Fy[l—b—by(b—1)(k + k)]

. 1 : 1
W3:7r[ﬂ—k(llo+clk) k(q1+c2k)+b(—ﬂ—kclk K(-idg - 0y + ¢, KW, +
0 0

b —K(idg + 63K) — (0 + CK) ~ = — ke, k—K(-idy ~ G + ¢, KW,
24, 24,

+ 725K (i +C,K) — k(0 +,K) — ke, k=K (=idg — Gy +C,K)] - ke, — ke, g — Fy (k +K)
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|F4[<ML

21_1 [ e+ 22(-i2 + )+ K202, + 72(21)3 + 20y ()2 + 20,)]

0

+b[7r T (|/1 +q1 +k[- 2|/10 . AO)3+2q1 20 +2q2Iﬂo ]]}Nl
“0 74+ 72 |/10+q1 +k[- 2|/10+7r AO +2q1(ﬂu0 +2q2|10)]]

- (i + )+ 2MO+7z 20) +204(i,) +2q2Mo 1w,
/10 2 +K[-2ig + 72 (20i70)% + 20y i) + 2]
1+

k[~ 2|20+7r ﬂo)3+2q1/10 )+ 20514011 - 2|ﬂ.0+7r /103+2q110 )< +205144 }N3

Lemma5 [2] :

the transform
wy = re®
Wy = re .(10)
W3 = -1I3

where 0 €[0,2r]

transform ( 9 ) into the following differential system :

e—l@ N
r'= i + gl + 7 Fell =D —by(b - Dk +Kk)]

i0

L x e - S . (11)

By =gy ¥+ gty Ty — Fg[k + K] J
where
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H =

1_”b2 [i4p + ¢k —b(q; +c,k) +bs(b —1)[%— k(idy +ck)

_ _ ) _ 1 _
— k(o +c,k)]+b[c; k—b(=idy —0; + ¢, k) +bs(b —1)[—M — ke, k

— k(=g — 0+, K)]]

4 1_ﬂb2 [bli 4 + cik —b(gy + k) + by(b _1)[ﬁ_ k(iAo + ciK)
~ k(@ + SH)T]+ 6 K= B(ig — + ¢, K) + By (0 =Dl - — key k-
0

K(=idg — 0y + ¢, k)]le 2

-6 _
T byl + ek — (0 + ¢K) + by(b ~ D[k (i + 1K) — k(g +

1-b?
¢k )]+ ¢, K—b(=iZg — G + C, k) + by (b —1)[ke, k—k(=iZy — ¢ +C, K)]]

4 _
[c] —bc, +Dby (b —D)[-ke, —k c,]].

T
1-b?

Hy =~

T 1-p?

o = [-b(iA, +Clk)+q1+C2k+b3(b—1)[ﬁ—k(iﬂ,o + ¢ k)

1

— k(g + C,K)] +b[—be, k—idy — qy + C, k+ by (b —1)[—m — ke k

—k(=id —qy +c, K)1e??

2 Ib[-b(iAg + CK) + Gy + CoK + by (b —1)[

+
1-b?

—k(idy +ck)

1
2i 4,

1
2i 4,

— k(g + C,K)]1—be, k—i4g — Gy + €, K-+ by (b —1)[— ke, k—

K(=idg — Oy +C, K)I1

134



Stability conditions of ...

. il _ . _
My = ‘mbs[—b('io +¢K) + 0 + CoK + by (b =1)[-k (i + k) — k(g +

k)]~ by k=i — G +Cp ket By (b — 1) ke k(i — g +C, K)]]

i6

o _
- b 0 by Dk ;K]

ok 1 . . 1 .
W = —ﬂ[ﬂ —k(idy +ck) —k(ay +c,k) + b[_ﬂ —ke k-

0 0
—K(=idg -ty + ¢, K)]le”

1 . - 1 - - c
—7r[b[ﬂ—k(|ﬂbO +¢k)—k(qy +czk)]—ﬁ—kc1 k—k(-14y — 0, +C, k)]Je 10

,U;* = —7by[—k(i 4y + ¢ k) — Iz(ql +Cok) —key k— Iz(—Mo —( +C; b]
~ ke, —K ]

|F5< ML [+ 22 (-idg +0y) +K[-2i2g + 72 (2(i4g)3 + 20y (149)? +20,i20)]

0
bz~ 22 (2 +0g) +K[-2iAg + 72 (2(i40)° + 20 (129)? + 20514011
s (bl + 2 (i4g +ag) + K[-2idy + 72 (2(i20)* + 204 (120)? + 20,120 1]

712 (i +0y) +K[-2i2g + 72 2i29)3 + 204 (12)? + 2051201 )r

1

—_Zi/lo[bg[—zmoﬁ2 +[k +K1(=2i + 72 (2i20)3 + 20 (120) +20,i2))]

1+ 4
~2idg + 72 (2i2g)3 + 20 (i29)% + 2q2i/10]r3]

4 — Fundamental results :

Theorem :

In the equation (1) if :

h:aAxCc" —->cC , p,:A=[a,0)—>C1-
o * ’ w| B8

ht,y, v,y < Lyl + ]+ ly"]

L":A —>[0,0) |, £>0

2 - t|im r%r'=o) tIEILWS t)=0Q)
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and
t -
a— t—oo as [ Re 4t — oo if

j‘Repdtt —jRe,udt
b- e [e ™ dt =o(l),t - o0
T
then the zero solution of (1) is stable

t
c— as IReydt—>w if tow

then the zero solution of (1) is unstable

proof

on applying the transformation (2) ,(4) ,(8) and (10) into (1) we get the
auxiliary system :

oi0 _
[ =t + +W F6[1—b—b3(b—1)(k 110
O = 4L Ll F6[1 b —by(b—1)(k + K)] a2

r3 =lu1 §1+lu2 r;— Fs[k+E]
is an arbitrary variant function and it is continuous & = &(t) where

for all "t>T the auxiliary system ( 12 ) solved by the method
Variation of parameters " [ 1 ]

t

IRe,uldt t oif t Re 24 (t)dt
Irj<e’ [r(T)+I(y2§3+ — Fs[Ll—b—bs(b-1)(k +k)])e i dt]  ....a3)
T
jReyldt eiH —jRe,ul(t)dt
[ri<er [FU)+I(#252 e —— Fs[1-b-bs(b— 1)(|<+|<)])eT dt] ...44)
j'Rey;dt . - jRe (Mt
ralse™ I+ [ (&~ Felk+k)le * @ 05)
T
Now it is clear if
t t
jRe Lt IRe whdt IRe adt
1- eT =0, 2-¢€T =0 3- €T =0

then the zero solution of equation (1) is stable
To explain our fundamental results the following example is given:
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y" o+ w[(1-)+(Int)2+3D)]y" + mP[4+(Int)2(1-4i)]y'+r3[(4-4i)+t1(3-6i)]y
= L*[ly[+Hy' [+Hy " 1P ... (A), Be[0,0)
The characteristic equation to homogeneous part of equation ( A)

Contains roots form: A1=2i , X2=-2i , Az3= -1+i
when limz2z=0@) , NIMW(t) =0(1)
t—om t—oo
b=1+# , bs=1 , k=24 , k =2_i
g t .
then 7 =-t or s =¢ forexample if lim 7 2r'=0(l)

on applying the transformation (2) ,(4) ,(8) and (10) into ( A ) we get the
following table :

- o0

unstable stable unstable unstable unstable
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